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Abstract The scattering of elastic waves in polycrystalline materials is relevant for ultrasonic materials charac-
terization and nondestructive evaluation (NDE). Diffuse ultrasonic backscatter measurements are used widely
to extract the microstructural parameters such as grain size and also to detect flaws in materials. Accurate
interpretation of experimental data requires robust scattering models. Line transducers are often used for
ultrasonic experiments such that an appropriate model for these two-dimensional problems is needed. Here, a
theoretical expression for the temporal diffuse backscatter is derived for such domains under a single-scattering
assumption. The result is given in terms of transducer and microstructural parameters. In addition, the problem
is examined in terms of numerical simulations using Voronoi polycrystals that are discretized using finite
elements in a plane-strain formulation. The material properties of the individual Voronoi cells are chosen
according to appropriate material distributions. Such numerical models also allow scattering theories, includ-
ing the one discussed here, to be examined for well-controlled microstructures. Example numerical results
for materials with varying degrees of scattering that are of common interest are presented. The numerical
results are compared with the theory developed with good agreement. These results are anticipated to impact
ultrasonic NDE of polycrystalline media.

1 Introduction

Ultrasonic techniques are widely used to probe heterogeneous media. Often, these techniques rely on the
scattering behavior of the waves that interact with the heterogeneous microstructure. Measurements of acoustic
wave speeds, attenuations, and allowed acoustic polarizations can provide a means for material characteriza-
tion [1–8]. Diffuse backscatter is one such method where the scattering of the ultrasonic wave is quantified to
characterize the microstructure.

Diffuse ultrasonic backscatter involves quantifying the energy scattered at the grain boundaries that results
from the mismatch of crystallite anisotropy. In a pulse/echo configuration the energy received between the
frontwall and backwall echoes is termed the backscattered signal. This scattered signal is quantified by taking
the variance of all the signals at various transducer positions keeping the distance between the transducer
face and the front surface of the sample constant for all transducer positions, similar to an ultrasonic C-Scan
experimental setup. Usually backscatter measurements are obtained in an immersion setup, using a focussed
immersion transducer.

The transducer beam model is one of the major components needed in any theoretical description of such
experiments. Cook [9] has given the solution to the linear wave equation for planar and plane-piston trans-
ducers in a polar coordinate system. Gubernatis et al. [10] presented the theory of ultrasound to detect flaws
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in an isotropic homogeneous elastic medium in a three-dimensional domain. The expression for the scattering
amplitude is derived using the Green’s function for an infinite medium. Thompson [11] calculated the pressure
at the transducer face assuming a single medium for liquid–solid interfaces.

Margetan et al. [12] have given the backscatter model in three-dimensional domains supported by exper-
imental results conducted on titanium alloys. The model is constructed assuming single scattering in the
material. The model works well for low scattering material but may break down for high scattering materials
or at very high frequencies where a higher order of scattering needs to be incorporated in the model. The
scattered response depends very much on the input frequency of the wave and the scattering properties of the
material. Thompson et al. [13] discussed the need for a theoretical model that includes multiple scattering for
interpretation of experimental results. They also showed different configurations of the experimental setup to
extract shear scattering properties of materials. Recently, Ghoshal et al. [14] derived the scattered response in
a multiple scattering formalism and presented the solution for a single scattering assumption. Often multiple
scattering problems cannot be solved analytically due to the complexity of the theory. It may be useful to
simulate such experiments using numerical methods such as the finite element method, the finite difference or
others to understand the scattering processes in materials. Here a finite element technique is used to simulate
ultrasonic wave propagation in polycrystalline materials.

In various applications line transducers (transducer with a cylindrical focus) are often used for inspection
of heterogeneous materials. These types of experiments can often be approximated as two-dimensional, espe-
cially for cases such as materials with elongated grains. Thus, an appropriate theoretical model is needed. Here,
a two-dimensional model for backscatter measurement is derived within a single scattering formalism. The
approach used follows that of Thompson et al. [11] for the singly scattered response (SSR) for polycrystalline
materials in a three-dimensional domain.

The diffuse backscatter coefficient, which is proportional to the correlation length and the elastic properties
of the material, is derived using the Green’s function of the material. The transducer beam pattern is modeled
using a single order Gaussian beam. The two-dimensional theoretical model for the scattered response is then
compared with numerical results obtained from finite element technique. The numerical model for the poly-
crystalline material is constructed using a Voronoi tessellation of randomly distributed points. ABAQUS [15]
is used to obtain the FEM solutions of wave propagation in Voronoi polycrystals. A plane-strain formulation
is used with infinite boundary conditions at the sides. These infinite boundaries absorb the energy such that
reflection is minimized [16,17].

2 Theory

The interest here is for studying ultrasonic wave propagation through a liquid–solid interface. But following
Thompson [11], discussion begins with a fluid problem and later the reciprocity theorem is used to derive the
diffuse ultrasonic scattered response in the solid for a wave propagating through a planar liquid–solid interface.
The geometry considered here for the scattering calculation is shown in Fig. 1, where the distance r is from a
point on the transducer line to the center of the scatterer and 2a is the length of the line transducer. Therefore,
the origin of r varies across the transducer line. The velocity potential φ in a two-dimensional domain is given
by

φ = − i

4
V0

∫
H0 (k0r) dr, (1)

Fig. 1 Geometry of the scattering problem. Here the background is assumed to be a fluid
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where V0 is the initial velocity, k0 the wave number and H0 (r) is the Hankel function. The limit of the inte-
gration is along the transducer line. The harmonic time dependent term eiωt is suppressed in Eq. (1). Using
the asymptotic representation of the Hankel function H0 (k0r), the time derivative of the velocity potential is
given by

φ̇ = exp (−iπ/4)
ωV0

2
√

2πk0

∫
exp (−ik0r)√

r
dr. (2)

Considering the flaw being on the axis of the propagating beam z and also far from the transducer face the wave
front can be assumed to be a plane wave. Thus in the “quasiplane-wave” assumption, the incident velocity
field in terms of a plane wave amplitude is given by

u̇ I � V0�(z) exp (−ik0z), (3)

where �(z) is equal to the pressure at depth z, divided by the pressure ρ0υ0V0 exp (−ik0z), that would have
been radiated if the transducer had infinite extent. Thus

�(z) = −ρ0φ̇

ρ0υ0V0 exp (−ik0z)

= k0 exp (ik0z − iπ/4)

2
√

2πk0

∫
exp (−ik0r)√

r
dr, (4)

where ρ0 and υ0 are the density and sound speed, respectively, for the fluid. Then the farfield scattering is
given by

u̇s = [Au̇ I ]
exp (−ikr)√

r
, (5)

where A is the scattering amplitude. The received voltage F is written by combining Eq. (5) with a quasi-
plane-wave approximation p � ρ0υ0u̇ as

F �
(
γ
ρ0υ0u̇ I

2a

)∫
A exp (−ik0r)√

r
dr, (6)

where γ is a constant of proportionality relating the average unperturbed pressure and voltage received and
a is the transducer length. The integration range of Eq. (6) covers the length of the transducer. Combining
Eqs. (3), (4) and (6) the received voltage is reduced to

F = (γρ0υ0V0)�
2 (z) exp (−2ik0z)

(
exp (−iπ/4)

A

k0a

√
2πk0

)
. (7)

Using the analytical solution for the received voltage given in Eq. (7) for a fluid medium, the reciprocity the-
orem can be used to derive the scattered field in a solid medium. Therefore, using the reciprocity theorem and
the derivation given by Thompson et al. [11] the change in the scattered signal due to a flaw or inhomogeneity
is given by

� = β [T01a�a Pa] [T01b�b Pb]

[√
2π Aρ1υ1√
k0aρ0υ0

]
, (8)

where the subscripts a and b refer to the transmitting and receiving transducer and T01 = 2ρ0v0
ρ0v0+ρ1v1

is the
interface transmission coefficient. � is related to the voltage and P is the propagation phase term. The change
in the scattered signal may be written as

� (ω) = βT 2
01�

2 (ω, x1, z1) exp [−2i (k0z0S + k1z1)]

× exp [−2 (α0z0S + α1z1)]

[√
2π Aρ1υ1√
k0aρ0υ0

]
. (9)
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The reference geometry is defined by the reflected signal from a planar surface. Thus the reflected signal from
a reference geometry is

�ref (ω) = βR00 D exp [−2ik0z0R − 2α0z0R], (10)

where D is the diffraction coefficient, R00 = ρ0v0−ρ1v1
ρ0v0+ρ1v1

the reflection coefficient and z0R is the distance between
the planar surface and the transducer face. The field must be corrected using the diffraction constant as shown
by various authors [18,19]. Rogers [18] has given the Lommel diffraction correction integral expression using
Fresnel diffraction approximations given by

D = k

8a
exp [ikz]

a∫

−a

a∫

−a

H0

(
k

(√
z2 + (x − x0)

2
))

dxdx0. (11)

In a pulse/echo system configuration a single transducer is used as both source and receiver such that

�s (ω, x1, z1) =
√
πβA (ω, x1, z1) ρ1υ1T 2

01√
2k0aρ0υ0

�2 (ω, x1, z1)

× exp [−2i (k0z0S + k1z1)]

× exp [−2α0z0S − 2α1z1]. (12)

Next we define the Fourier transform pair of the reference signal by

R (t) =
∞∫

−∞
�ref (ω) exp (iωt) dω,

(13)

�ref (ω) = 1

2π

∞∫

−∞
R (t) exp (−iωt) dt,

and for the scattered signal by

S (t, x1, z1) =
∞∫

−∞
�s (ω, x1, z1) exp (iωt) dω,

(14)

�s (ω, x1, z1) = 1

2π

∞∫

−∞
S (t, x1, z1) exp (−iωt) dt.

The reference signal in complex form may be written as

R (t) = E (t) exp (iω0t),
(15)

Re
[
E (t) exp (iω0t)

] = E (t) cos (ωt).

Here, E (t) is the envelope function necessary to match the front wall echo reflected from the front surface
of the sample. To eliminate β from Eq. (12), Eq. (10) is solved for β and substituted. After substitution the
scattered signal is

S(t, x1, z1) = H (ω0, x1, z1)

∞∫

−∞
dω�ref (ω)

× exp [i (ωt − 2k0 (z0S − z0R)− 2k1z1)],
(16)

H(ω0, x1, z1) =
√

2πT 2
01 A (ω0, x1, z1) ρ1υ1

R00 D (ω0)
√

k1aρ0υ0
�2 (ω0, x1, z1)

× exp [2α0 (z0R − z0S)− 2α1z1].
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The attenuation coefficients α0 and α1 are evaluated at ω = ω0 for the fluid and solid medium, respectively.
Using k = ω/v, the exponential term in integrand in Eq. (16 ) is written as exp [ jω (t − t0)], and

t0 = 2
z0S − z0R

v0
+ 2z1

v1
(17)

denotes the time delay between the reference and the scattered signal. The integral in Eq. (16) is evaluated
using Eqs. (13) and ( 15). The equation for S is then

S (t, x1, z1) = H (ω0, x1, y1, z1) E (t − t0)

× exp [iω0 (t − t0)]. (18)

The total voltage is the sum of the scattered signal over the number of grains as

V (t) =
m∑

i=1

Si (t, x1i , z1i ). (19)

The normalized scattered response�(t) is the variance of the measured noise voltage normalized by the peak
amplitude square of the reference signal Emax given by

�(t) =
〈
[Re (V (t))]2〉− 〈Re (V (t))〉2

E2
max

≈
〈
[Re (V (t))]2〉

E2
max

, (20)

since a good diffuse field measurement is designed so that the mean response 〈Re (V (t))〉 vanishes. The real
part of the voltage may be written as

Re (V (t)) =
m∑

i=1

Re [Si ] =
m∑

i=1

|Bi | cos (ω0t + φi ),

|Bi | = |Hi (ω0, x1i , z1i ) E (t − t0i )|, (21)

φi = −ω0t0i + phase of Hi .

Therefore
〈
[Re (V (t))]2〉 is non zero for i = j ,

〈
[Re (V (t))]2〉 = 1

2

m∑
i=1

〈|Bi |2
〉
. (22)

The summation is the area of each grain multiplied by n grains,

m∑
i=1

≈ n
∫∫

dx1dz1. (23)

Then the SSR is written

�(t) = ∣∣√n A (ω0)
∣∣2
(√

πT 2
01ρ1υ1 exp (2α0 (z0R − z0S))

R00 D (ω0)
√

k1aρ0υ0

)2

×
∫
�(z1)

∣∣∣∣ E (t − t0)

Emax

∣∣∣∣
2

exp [−4α1z1] dz1, (24)

where
∣∣√n A (ω0)

∣∣ is termed the diffuse backscattered coefficient, � (z) = ∫∞
−∞ |�(ω, x, z)|4 dx, is propor-

tional to the transducer beam energy along a line at depth z and
√

n is the area density of grains.
The different components of the SSR �(t) are derived in detail in the following sections. The diffuse

backscatter coefficient is related to the material properties and �(z) accounts for the transducer beam pattern
in the material. The SSR is a dimensionless quantity normalized by the peak amplitude of the reference signal.
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2.1 Diffuse backscatter coefficient

The diffuse backscatter coefficient is proportional to the material properties and the microstructure of the
material. The microstructure can be described by the grain size distribution. The spatial correlation function
is usually used to define a polycrystalline microstructure. For example a two point correlation function for a
polycrystalline material gives the probability of any two points lying in the same grain. The diffuse backscatter
coefficient is also a measure of the covariance of the elastic moduli tensor. Equation (24) can be used either to
obtain microstructural information by knowing the material properties or to obtain the material properties by
knowing the microstructure. The diffuse backscatter coefficient is a function of the scattered amplitude and
grain area density.

The scattered displacements [10] in terms of the Green’s function are given by

us
i = δρω2

∫

R2

dA′gimum + δC jklm

∫

R2

dA′gi j,kul,m, (25)

where ul is the displacement field in a flawless elastic medium, gim is the Green’s function of the medium
and δC jklm denotes the fluctuations in the elastic constants. The scalar Green’s function in a two-dimensional
domain is given by [20]

g(r, r′) = j

4
H (1)

0

(
jk· ∣∣r − r′∣∣). (26)

For an elastic isotropic material, the Green’s function for an infinite volume [21] is

g
(
r − r′) = − j

4ρω2

[
β2 H0 (βR)− ∇∇. (H0 (αR)− H0 (βR))

]
. (27)

Using the asymptotic representation of the Hankel function, the longitudinal component of the Green’s function
is

gi j
(
r − r′) = − 1

4ρω2

√
2

π

[
β2

√
β

exp (iβR)√
R

δi j

− ∂

∂xi

∂

∂x j

(
exp (iαR)√

αR
− exp (iβR)√

βR

)]
, (28)

where R = ∣∣r − r′∣∣. As kr → ∞, (k R)−1/2 ∼ (kr)−1/2 and (k R) ∼
(

k
(

r − (r·r′)
r

))
. The derivatives can

then be approximated as

∂

∂xi

exp (ik R)√
R

∼ (−ik)
exp (ikr)√

r
r̂i exp

(−ik · r′),
∂

∂xi

∂

∂x j

exp (ik R)√
R

∼ (−ik)2
exp (ikr)√

r
r̂i r̂ j exp

(−ik · r′) ∼ −k2 exp (ikr)√
r

r̂i r̂ j exp
(−ik · r′), (29)

∂

∂xi

∂

∂x j

∂

∂xk

exp (ik R)√
R

∼ (−ik)3
exp (ikr)√

r
r̂i r̂ j r̂k exp

(−ik · r′) ∼ ik3 exp (ikr)√
r

r̂i r̂ j r̂k exp
(−ik · r′) .

Substituting the above into the Green’s function expression, Eq. (28), yields

gi j = − 1

4ρω2

√
2

π

[
β2

√
β

exp (iβr)√
r

exp
(−iβ·r′) {δi j − r̂i r̂ j

}]

+ 1

4ρω2

√
2

π

[
α2

√
α

exp (iαr)√
r

r̂i r̂ j exp
(−iα·r′)] . (30)

The spatial derivative of the Green’s function is then given by

− gi j,k = 1

4ρω2

√
2

π

[
β2

√
β

exp (iβr)√
r

exp
(−iβ·r′) {δi j − r̂i r̂ j

}]
(−iβ) r̂k

+ 1

4ρω2

√
2

π

[
α2

√
α

exp (iαr)√
r

r̂i r̂ j exp
(−iα·r′)] (−iα) r̂k . (31)
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The displacements are then written as

− us
i = 1

4ρω2

√
2

π

β2

√
β

⎡
⎢⎣δρω2

∫

R2

dA′
[

exp (iβr)√
r

exp
(−iβ·r′) {δim − r̂i r̂m

}+
]

um

+ (−iβ) δC jklm

∫

R2

dA′
[

exp (iβr)√
r

exp
(−iβ·r′) {δi j − r̂i r̂ j

}
r̂k

]
ul,m

⎤
⎥⎦

+ 1

4ρω2

√
2

π

α2

√
α

⎡
⎢⎣δρω2

∫

R2

dA′
[

exp (iαr)√
r

r̂i r̂m exp
(−iα·r′)] um

+ (−iα) δC jklm

∫

R2

dA′
[

exp (iαr)√
r

r̂i r̂ j exp
(−iα·r′)] r̂kul,m

⎤
⎥⎦ . (32)

Defining fi (k) as

fi (k) = − 1

4ρω2

k2

√
k

√
2

π

⎡
⎢⎣δρω2

∫

R2

dA′ui exp
(−ik · r′)

+ (−ikr̂ j
)
δC jklm

∫

R2

dA′ul,m exp
(−iα·r′)

⎤
⎥⎦ , (33)

the scattered displacement field may then be written as

us
i ∼ r̂i r̂ j f j (α)

exp (iαr)√
r

+ (
δi j − r̂i r̂ j

)
f j (β)

exp (iβr)√
r

. (34)

The incident wave field and its spatial derivative are

u0
i = exp (ikr),

(35)
ui, j = iku0

i .

In the direction of the wave propagation, the longitudinal mode is

f2 (k)
exp (iαr)√

r
= − 1

4ρω2

k2

√
k

√
2

π

⎡
⎢⎣(δρω2 + k2r̂3δC3333

) ∫

R2

dA′ exp (2ikr)

⎤
⎥⎦ exp

(−ik · r′)
√

r
, (36)

such that the scattered amplitude is

A = − 1

4ρω2

k2

√
k

√
2

π

⎡
⎢⎣(δρω2 + k2δC3333

) ∫

R2

dA′ exp (2ik · r)

⎤
⎥⎦ . (37)

Assuming constant density in the material δρ = 0, and the scattered amplitude reduces to

A = − 1

4ρV 2

k2

√
k

√
2

π

[
δC3333

∫
d2x exp (2ikz)

]
. (38)
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The backscatter coefficient η (ω) is proportional to the square of the scattered amplitude and is given by

η (ω) = 1

k

(
k2

2
√

2πρV 2

)2 〈
δC3333 (r) δC3333

(
r′)〉

×
[∫

d2sW (s) exp (2iks)k
]
, (39)

where W (s) = exp
(
−|s|

L

)
is the two-point spatial correlation function with the correlation length L (typically

on the order of the grain diameter). Evaluating the integral gives the expression for the diffuse backscatter
coefficient as

η (ω) = 1

k

(
ω2

2ρV 4

)2 〈
δC2

3333

〉 [ L2

(
1 + 4k2L2

)3/2

]
. (40)

Weaver [22] showed that the correlation length varies in the high frequency limit as the scattering increases
with frequency. Of particular interest here is to fit the diffuse backscatter model shown in Eq. (24) with two-
dimensional numerical results by varying the correlation length and to investigate its dependence as a function
of frequency.

2.2 Gaussian beam model

The backscatter model as shown in Eq. (24) is proportional to the transducer beam characteristics. Schmerr
[23] modeled the transducer beam pattern using both single and multiple Gaussian functions. The multi-
Gaussian model is used to fit the side lobes of the transducer beam profile, whereas a single Gaussian profile
fits the central lobe with acceptable accuracy. Other models such as a Gauss–Hermite [9,24] can also be used
to derive the ultrasonic field strength from a focussed transducer. The single Gaussian beam model is used
here for simplicity.

The square of the transducer beam energy from a line of grains at depth z is given by

�(z) =
∞∫

−∞

∞∫

−∞
|�(ω, x, z)|4 dx, (41)

where�(ω, x, y, z) is the measure of the ultrasonic field strength. The displacement at the field point is given
by

U = dU0T exp [ j (ωt − k0z0 − k1z1)] exp [−α0z0 − α1z1]�, (42)

where d is the polarization vector, U0 the initial displacement amplitude, T the transmission coefficient,
exp [ j (ωt − k0z0 − k1z1)] the plane wave phase propagation, exp [−α0z0 − α1z1] the attenuation term, and
the remaining factor is defined as�. Here z0 and z1 are the propagation distances in the coupling medium and
solid, respectively. Under a Gaussian beam approximation, the displacement field is

U(x, z, t) = dz A

[
w (0)

w (z)

]1/2

exp [ j (ωt − kz)− αz]

× exp [ j {ψ (z)− ψ (0)}] exp

[
− j

{
kx2

2q (z)

}]
, (43)

where A is the amplitude of the Gaussian beam. Comparing Eq. (43 ) to (42) the expression for�(ω, x, y, z)
is

�(ω, x, z) = 1.77

[
w (0)

w (z)

]1/2

exp [ j {ψ (z)− ψ (0)}]

× exp

[
− j

{
kx2

2q (z)

}]
, (44)
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wherew (z) is the width of the Gaussian profile, R (z) the radius of curvature of the wavefront,ψ (z) the phase
and q (z) is a complex radius of curvature incorporating the beam width and the real value of the radius of
curvature. The values for the initial width of the beamw (0) and the value 1.77 in Eq. (44) are chosen by fitting
the axial and the lateral beam pattern of a focussed ultrasonic transducer with a single Gaussian model [25].
The Gaussian beam complex parameters are defined as

q (z) = q (0)+ z,
1

q (z)
= 1

R (z)
− j

λ

πw2 (z)
,

(45)
R (0) = −F and w (0) = 0.7517a,

R (z) = 1

Re [1/q (z)]
,

where F is the focal length of the transducer. The excess phase ψ (z) and the Gaussian beam width w (z) as a
function of depth z are defined as

ψ (z) =
(

1

2

)[
π

2
− tan−1

(
Im (q (z))

Re (q (z))

)]
,

(46)

w (z) =
[ −λ/π

Im (1/q (z))

]1/2

,

where ψ (z) and w (z) are real values. The magnitude of � then becomes

|�(ω, x, z)| = 1.77

[
w (0)

w (z)

]1/2

exp

[
−
(

x

w (z)

)2
]
. (47)

Therefore

�(z) =
∞∫

−∞
|�(ω, x, z)|4 dx = 4.9150

[
a2

w (z)

]
. (48)

� (z) takes into account the variations of the field strength of the beam as a function of depth z in the test
material, which is inversely proportional to the Gaussian beam width as a function of depth as shown in
Eq. (48).

The final expression for the SSR can be written as

�(t) =
(√

πT 2
01ρ1υ1 exp (2α0 (z0R − z0S))

R00 D (ω0)
√

k1aρ0υ0

)2

×
[

1

k

(
ω2

2ρV 4

)2 〈
δC2

33

〉 ( L2

(
1 + 4k2L2

)3/2

)]2

×
∫

4.9150

[
a2

w (z)

] ∣∣∣∣ E (t − t0)

Emax

∣∣∣∣
2

exp [−4α1z1] dz1. (49)

In the following section the numerical results are discussed in detail. Since in the numerical model the coupling
medium is not present the above formulation for the scattered response is modified accordingly.
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↓↓↓↓↓↓Normal Pressure Load 
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Infinite
Boundary

Fig. 2 Numerical model for polycrystalline material

3 Numerical results

The numerical polycrystalline models used here are constructed using a Voronoi tessellation from uniformly
distributed points with the distance between the points being restricted to obtain a uniform grain size distri-
bution. Here, Voronoi polycrystals are created inside the required finite domain using the “Method of Virtual
Nuclei” [16,17,26], an algorithm to construct Voronoi polycrystals inside a finite domain with convex bound-
aries. The two-dimensional Voronoi polycrystals are constructed and discretized into finite triangular elements
of 50mm. The elements in each crystal are assigned a random material orientation in the three crystal directions.
Thus, the model is not completely two-dimensional, rather it is a pseudo-three-dimensional model. Since the
displacement in the out of plane axis is constrained the scattered response can still be approximated using
a two-dimensional wave theory derived in the previous section. An example model is shown in Fig. 2. For
clarity, Fig. 2 was created with large crystals and elements. Plane strain boundary conditions are chosen by
restricting the displacement of all the nodes in the out-of-plane direction. The extrusion of the triangular ele-
ments facilitates to have three-dimensional crystal orientation. Due to the plane strain formulation there is no
displacement in the out of plane axis even though the elements are in the three-dimensional domain. The prism
elements are helpful for avoiding the difficulties of mapping the crystal orientation to the two-dimensional
domain. Material orientation is indicated in Fig. 2 by the local coordinate axes shown for each crystal. The use
of the infinite elements at the vertical boundaries of the model minimizes reflections of the wave from these
boundaries. The boundary conditions at the top and bottom of the model are stress free. The displacement
of the nodes at the loading area is stored for the backscatter calculation. The snapshot of the finite element
simulation is shown in Fig. 3, at various time steps for a model size of 8 mm by 12 mm and depth of 0.75 mm
in the out of axis direction.

The normalized scattered response is the variance of the signals given by [12]

�(t) =
〈
u2
〉− 〈u〉2

E2
max

, (50)

where u is the nodal displacement and 〈y〉 denotes the mean of y. The scattered response is normalized by the
peak amplitude of the front surface echo Emax. A typical signal at a nodal point in aluminum at the loading
area is shown in Fig. 4. The frontwall and backwall echoes are evident. The main region of interest for the
backscatter calculation is the signal between the front and the back wall echoes.
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0 µs 3 µs 5 µs

8 µs 10 µs 15 µs

Fig. 3 Simulation for aluminum with heterogeneous material properties (600 crystals in a 5 mm by 12 mm model for 5 MHz of
longitudinal input wave)
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Fig. 4 Single nodal displacement for three cycle 5 MHz input wave

The pressure load applied in the numerical model is similar to a contact transducer. From Eq. (24), the
scattered response signal in a single medium without any interface is

�(t) = η (ω0)
2 π

ka2

×
∫
�(z)

∣∣∣∣ E (t − t0)

Emax

∣∣∣∣
2

exp [−4αz] dz. (51)
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The integral is converted into a time domain integral using z = v1
2 (t − τ) as

�(t) = η (ω0)
2 π

ka2

×v1

2

τ2∫

τ1

�(z)

∣∣∣∣ E (τ )

Emax

∣∣∣∣
2

exp [−4αz] dτ. (52)

The limits of the integration depend upon the duration of the envelope function E (t) for τ1 < τ < τ2.
The numerical model shown here has material properties of aluminum with cubic crystals of 450mm as the

mean grain diameter. The elastic constants are C11 = 103.4 GPa, C12 = 57.1 GPa, C44 = 28.6 GPa, and the
density is ρ = 2,700 kg/m3. The model is tested for various frequencies ranging from 5 to 12 MHz. The input
signal is broadband consisting of three cycles. Since the proposed theory shown in Eq. (24) was derived for
a single frequency input wave, the output signal is filtered at the desired frequency f ± 1 MHz. Experiments
can be performed for a wide band signal and the scattered response can be extracted for the required frequency
limits. This will minimize the number of simulations performed when data are required at variable frequen-
cies. Since the pressure load of uniform magnitude is applied, an effective focus is created in the material. The
focal depth is calculated from a Voronoi model with homogeneous crystal properties and used an input to the
theoretical model.

The numerical results are obtained from 100 realizations of the Voronoi polycrystal model. Each realiza-
tion is constructed randomly and represents a single transducer location with respect to the real experimental
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Fig. 5 Spatial variance from a 25, b 50, c 75, and d 100 realizations for aluminum using 5 MHz input wave frequency
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Fig. 6 Numerical and theoretical scattered response for aluminum at a 5 MHz, b 7 MHz, c 10 MHz, d 12 MHz of input wave
frequency

setup. The fluctuations in the numerical results decrease with increasing number of realizations. The scattered
response for different numbers of realizations is shown in Fig. 5. The results from 75 to 100 realizations are
approximately similar. Hence all the subsequent results shown are based on 100 realizations. It should be noted
that the number of realizations of the Voronoi model required to achieve acceptable accuracy may depend on
the material properties or the input wave frequencies.

The scattered response using the filtered signal is shown in Fig. 6. The theoretical model is denoted by
the thicker line of the two. The results are obtained for input frequencies of 5, 7, 10 and 12 MHz shown in
Fig. 6a–d, respectively. For low frequencies, it is expected that the scattering is governed by the mean grain
volume [22]. Thus, we may write

V̄ =
∫

d3re−r/L = 8πL3, (53)

where V̄ = 1
6πD3. Equation (53) implies a low-frequency relation given as L = 0.28D. At higher frequency,

Weaver [22] speculated that η (ω) depends on the volume density of the grain boundaries rather than the grain
volume. In this case, the correlation length may be half of the value calculated from Eq. (53). However, it is
evident that the appropriate length scale may also depend upon the degree of scattering, an aspect that high-
lights the lack of precision in the form of the relationship between L and D. In order to study the connection
between L and D, the numerical results were fit to the theory (for the best value of L) by minimizing the
root mean square deviation of the error between the theoretical and numerical scattered response. Here, to
match the numerical with the theoretical results we find that L/D = 1.6, 1.6, 1.1 and 0.5 times the mean grain
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diameter for input frequencies 5, 7, 10 and 12 MHz, respectively. This result clearly suggests that single crystal
anisotropy affects the correlation length. This constant decreases as the degree of scattering in the material
increases. The technical reasons for these variations in L are out of scope of this work, but the numerical model
can be very useful for investigating this relation. The influence of the form of the correlation function on the
interpretation of the scattered response is evident from these results.

The numerical results show good agreement with the two dimensional backscatter model derived here.
The dependence of the correlation on the frequency of the input shows an interesting phenomenon that should
be investigated in detail for different materials and a broader range of frequencies using the numerical model
shown here.

4 Summary

In this article, a theoretical model for the scattered response for polycrystalline materials in a two-dimensional
domain was derived. This model was compared with a numerical polycrystalline model constructed using
Voronoi tessellation. The numerical and theoretical results are compared with each other for aluminum. The
results are presented for an input wave at various frequencies. The numerical results have been adjusted by
varying the correlation length. At low frequency the correlation length is 1.6 times the mean grain diameter. As
the frequency increases the correlation length shows a decreasing trend. The numerical results show that the
correlation length is 1.6, 1.6, 1.1 and 0.5 times the mean grain diameter at 5, 7, 10 and 12 MHz, respectively.
These results are consistent with previously attenuation calculations [26] using the same Voronoi model. The
numerical model shown here can be easily used to investigate the frequency dependence of the correlation
length for complex materials or multi-phase materials, where a theoretical model does not exist.
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