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Abstract. In most commercial atomic force microscopes, dy-
namic modes are now available as standard operation modes.
Acoustical vibrations of atomic force microscope cantilevers
can be excited either by insonification of the sample or by
vibration of the clamped cantilever end. The resulting dy-
namical system is complex and highly nonlinear. Simpli-
fication of this problem is often realized by modeling the
cantilever as a one-degree-of-freedom system such that the
higher-order flexural modes are neglected. This point-mass
model has been successful in advancing material property
measurement techniques. The limits and validity of such an
approximation have not been fully addressed. In this paper,
the flexural beam equation is examined and compared with
the point-mass model by using analytical and finite difference
numerical techniques. The two systems are shown to have
differences in drive-point impedance and are influenced dif-
ferently by the surface damping and the contact stiffness. The
angular deflection at the end of the beam and the influence of
lateral sensor tip motion are considered. It is shown that the
higher modes must be included for excitations above the first
resonance if both the low- and the high-frequency dynamics
are to be modeled accurately.

The earliest publications on atomic force microscopy (AFM)
suggested dynamic modes in which the small microfab-
ricated cantilever vibrates at higher frequencies compared
with the tip-sample scanning frequency [1, 2]. Originally
these methods were used to increase the force sensitivity in
non-contact AFM, as, for example, in magnetic force mi-
croscopy [3]. Within the last years, dynamic modes became
more widespread and are now available as standard operation
modes in most commercial instruments. New dynamic modes
(for example the intermittent contact or tapping mode [4] and
the force modulation mode [5], where the vibrating cantilever
is in repulsive contact with a sample surface) have been
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added. In many applications (for example topography imag-
ing of soft surfaces which might be deformed by the forces
applied by the sensor tip), dynamic modes have even replaced
the contact force and friction mode. But dynamic modes are
not only interesting because they supply topography informa-
tion with less surface damage than the contact mode. They
can also provide additional image contrast on sample sur-
face properties, for example stiffness or adhesion. This has
been demonstrated for example by the various atomic force
acoustic modes [6–8]. The range of mechanical vibration fre-
quencies which are used for AFM imaging covers acoustic
vibrations (up to20 kHz) and ultrasonic frequencies from
20 kHzup to theMHz range.

1 Linear models

To interpret dynamic AFM images a theoretical description of
the vibrating tip-sample system is necessary. Figure 1 shows
the situation in an AFM. The cantilever is a small elastic beam
with a length of100–400µm and a fewµm thickness. One
end of the cantilever is clamped. The length of the sensor tip
at the free end is typically4–15µm. The sensor tip is in force
interaction with the sample surface. Flexural vibrations can
be excited in the cantilever by vibrating the clamped end or
vibrations can be coupled into the cantilever by excitation of
the sample surface, as in some types of atomic force acoustic
microscopy [6, 7].

In the rectangular beam model (Fig. 2b), the cantilever is
a three-dimensional continuum with widtha, heightb and
lengthL. Its material density and Young’s modulus areρ and
E, respectively.x is the coordinate along the cantilever and
y(x, t) is the deflection of a length element from its rest pos-
ition. The sensor tip is assumed to be exactly at the end of
the beam atx= L, though this is not the case for most com-
mercial beams. The equation of motion for flexural vibrations
in a beam with uniform cross-section is a partial differential
equation of fourth-order [9, 10].
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Fig. 1. The cantilever is a small elastic beam with100–400µm length and
a fewµm thickness. In most AFMs it is tilted about15◦ relative to the sam-
ple surface. This means that the forcesF applied to the sample surface have
a component vertical to the surface and a lateral component. Typical sen-
sor tip heightsh are 4–10µm. The lower end of the sensor tip undergoes
a circular motion when the cantilever vibrates

Here, I = ab3/12 is the area moment of inertia andηair
is a damping constant. This equation is solved by consid-
ering the boundary conditions of the beam. When the sen-
sor tip is not in contact with a sample surface, the situation
of a clamped-free cantilever arises, which is well known.
One obtains a characteristic equation. The solutionsknL of
this equation define an infinite set of flexural modes with
wavenumberskn = 2π/λn, {n = 1,2, . . . }, where n is the
mode number andλn the acoustic wavelength of thenth
mode. The resonance frequenciesωn = 2π fn are obtained
using the dispersion relation for flexural waves in a beam:

kn =√ωn · 4

√
ρA

EI
(2)

The stiffnesskc= 3EI/L3 of the beam is calculated from the
static deflection of the beam when a force acts atx= L.

The complexities of the elastic beam vibrations have
given rise to models that simplify the dynamics considerably.
In one such approach the elastic beam equation is approxi-
mated by a one-degree-of-freedom mass-spring model. In this
point-mass model, or first mode approximation (FMA), the
cantilever is regarded as a harmonic oscillator consisting of
a point massm∗ with a massless spring with stiffnesskc and
one resonance frequencyω0=√kc/m∗, as shown in Fig. 2a.
The motion of the end of the beam,y(L, t), is represented by
the motion of the point-massd(t). The effective mass in the
point mass modelm∗ is chosen such that the first flexural vi-
bration frequencyω1 of the free beam equals the point-mass
resonance frequencyω0=√kc/m∗:

m∗ = kc

ω2
1

= 3ρL A

(k1L)4
(3)

k1L ≈ 1.875 is the wavenumber of the first clamped-free flex-
ural mode times the length of the beam.

Damping in the free cantilever is mainly due to friction
with air and radiation of sound into the air. In the beam model,
air damping is introduced into the differential equation by

Fig. 2. a Point-mass model;b elastic beam model;c elastic beam model
taking into account lateral forces. The tip-sample interaction forces are
modeled by the contact stiffnessesk∗ andk∗Lat and by the dashpotsγint and
γLat

the term proportional to the velocity of the length elements,
ηairρA∂y/∂t. This term makes the wavenumberk complex,
which means that the acoustic wave traveling through the
beam loses energy. With this damping term, theQ-value of
the resonances becomesQ= ωn/∆ω= ωn/ηair for the free
beam in air.∆ω is 1/

√
2 of the width of the amplitude res-

onance peak and can be measured experimentally. Typical
Q-factors of the first resonances of free AFM cantilevers
range from 200 to 600 in air [10]. However,ηair is not a con-
stant in most cases, but a function of frequency [11]. In the
point-mass model the air damping is represented by the dash-
pot γair, yielding aQ-value of the free point-mass resonator,
Q=m∗/γair.

When the cantilever tip is near the sample surface, an at-
tractive and repulsive force interaction between the sensor
tip and the surface occurs. It is well known that these forces
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(for example van der Waals forces, electrostatic forces, ad-
hesion or contact forces) are a highly nonlinear function of
tip-sample separation. Only for very small tip-sample vibra-
tion amplitudes can they be approximated by a linear spring
k∗, shown in Figs. 2a–c; i.e. the forcesF(z) perpendicular
to the sample surface can be expressed by the partial deriva-
tive of F with respect toz in the setpoint positionze, k∗ =
−∂F/∂z(z= ze). Though the validity of this linear model is
limited, it is helpful for understanding the cantilever-surface
interaction. In principle, all interaction forces contribute to
the contact stiffnessk∗. We used the Hertzian model [12] to
calculate a rough estimate ofk∗ for a cantilever vibrating in
contact with a sample surface [10]. For a sharp silicon sensor
tip with a radius of10 nmon a PMMA surface with a Young’s
modulus of3×10−9 N/m2 and an adhesion force of10−8 N
for example, one obtainsk∗ ≈ 20 N/m. For a blunt silicon tip
with a radius of50 nmon a steel surface (Young’s modulus
(2×1011 N/m2) and an adhesion force of10−7 N one obtains
k∗ ≈ 600 N/m. Apart from elastic forces, there can be energy
losses due to the motion of the tip relative to the surface. In
the models presented here, only losses proportional to the tip-
sample velocity are present as dashpotsγint.

When the cantilever is in flexural vibrations, the free end
of the cantilever and the sensor tip vibrate at an amplitude
y(L, t). Additionally, a time-dependent angular deflection
α(L, t) = ∂y(x, t)/∂x arises. Since the sensor tip is of finite
length, its lower end undergoes circular motion, as indicated
in Figs. 1 and 2c. This means that not only vertical forces but
also lateral tip-sample forces constrain the cantilever motion.
In most AFMs the cantilever is inclined at an angleα0 of
about15◦ relative to the sample surface. A cantilever forceF
applied in they-direction therefore has a component vertical
to the sample surface and a small component parallel to the
sample surface; i.e. the(ξ, z)-coordinate system of the sample
surface is rotated relative to the cantilever(x, y)-coordinate
system, and vice versa. To consider lateral forces and the in-
clination of the cantilever, a second spring-dashpot system
parallel to the sample surface was added, as can be seen in
Fig. 2c. Thoughk∗lat andγlat are again nonlinear functions of
ξ and also ofz, as a first step only a linear force interaction
is studied here. When the cantilever is parallel to the sam-
ple surface(α0 = 0), a small angular deflection of the beam
end ofα(L, t) causes a translationα(L, t)h of the sensor tip
on the sample surface, which gives rise to a restoring force
Flat =−k∗latαh from the lateral spring. Because of the length
of the sensor tiph, a momentM =−hFlat =−k∗latαh2 acts
on the end of the cantilever. The effect of the lateral spring
fixed to the lower end of the sensor tip is that of a torsional
spring fixed to the end of the beam [13]. The moments from
the torsional spring can be included in one of the boundary
conditions of the cantilever. The characteristic equation and
the solutions for a vibration forced by vibrating the clamped
end are given in the appendix.

One important distinction between the elastic beam equa-
tion and the FMA is the difference in their drive-point
impedance, defined as the ratio of the system velocity at a par-
ticular location to the force applied at the same location. The
drive-point impedance provides a sense of how much energy
the beam is willing to accept from an excitation at a particu-
lar frequency. The point-mass model takes into account only
the fundamental flexural mode of the cantilever and of course
cannot predict the high impedances that occur at the higher

resonances. However, as has been shown recently [14], the
FMA underestimates the drive-point impedance at the end
of the beam(x= L) for all frequencies higher than the first
mode, even away from resonance. As will be shown now,
this effect is even more pronounced when forced vibrations
excited at the clamped end of the cantilever are compared.

Figures 3a–c show a comparison between the forced vi-
brations calculated from the different models. A vibration
amplitude of the clamp ofa(t)= a0eiωt was assumed.f =
ω/2π is the excitation frequency. The dotted lines show the
normalized amplitudes calculated from the point-mass model
|d(ω)|/a0, the dashed lines show the amplitudes calculated
from the beam model,|y(L, ω)|/a0, and the full lines show
the normalized slope|α(L, ω)| · L/(1.5 ·a0) . The amplitude
or slope axis is displayed in logarithmic scale. The frequency
axis was normalized tof0 = ω0/2π, i.e. the first resonance
frequency of the clamped-free undamped beam.

Figure 3a shows vibration spectra for the free beam with-
out tip-sample forces(k∗ = k∗lat = γint = γlat = 0). The first
three resonance frequencies of the beam can be seen. Their
position is marked by the dashed vertical lines. aQ-value of
200 was chosen for the first resonance frequency, andηair was
assumed to be a constant. Figures 3b and c show the vibration
spectra for a beam in linear force interaction with the sample
surface. In Fig. 3bk∗/kc= 20 and in Fig. 3ck∗/kc= 200 were
chosen, respectively. The interaction damping was small, i.e.
the dimensionless damping constant defined in the appendix
was p= 0.01. As can be seen from the figures, the spectral
position of all beam resonances shifts to higher values, but
within a fixed range. A given contact stiffness does not af-
fect all modes in the same way. The amplitudes predicted by
the point-mass model are orders of magnitude too small and
the resonance frequencies predicted for the first mode are too
high.

Optical beam deflection sensors are very common as pos-
ition sensors in AFM. The signal they produce is proportional
to the angular deflection (the slope)α(x, t) = ∂y(x, t)/∂x at
the end(x = L) of the cantilever. For static deflections the
amplitude at the end of the beamy(L, t) is proportional to the
slope:y(L, t)= (L/1.5) ∂y/∂x(x= L, t). However, for a can-
tilever vibrating near or above its resonance frequency, this
relation no longer holds, as can be seen by comparing the
dashed and solid lines in Figs. 3a–c. If, for example, the can-
tilever was pinned atx= L, its vibration amplitude would be
zero atx = L, although the angular deflectionα(x, t) need
not to be zero because a cantilever can still vibrate between
a pinned and a clamped end.

Figure 3d shows the influence of the lateral forces on the
slope spectrum. The vertical contact stiffness was the same as
in Fig. 3c, and the thin solid line shows the same slope spec-
trum as in Fig. 3c (k∗/kc= 200,k∗lat = 0, α0 = 0). The thick
full line shows the spectrum for the case when lateral stiff-
ness is included (k∗/kc= 200,k∗lat = 0.85k∗, α0 = 0) and the
dashed line shows the case when the inclination of the can-
tilever is also included (k∗/kc= 200,k∗lat= 0.85k∗, α0= 15◦).
The resonances shift to higher frequencies when the lateral
forces are considered and the slope at the end decreases, be-
cause for infinite lateral forces the cantilever would be fixed
and the slope would go to zero. When the inclination of the
cantilever is changed from0◦ to 15◦ the frequencies decrease
a little because the lateral stiffness is assumed to be smaller
than the vertical stiffness. Though the changes of frequency
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Fig. 3a–d. Forced vibration amplitude of the cantilever deflection (dashed line) and the cantilever slope (solid line) compared with the point-mass model
(dotted line).a Clamped-free cantilever:k∗ = k∗Lat = γint = γLat = 0. b Soft surface:k∗/kc = 20, small interaction dampingγint (p= 0.01), no lateral forces,
k∗Lat = γLat = 0. c Stiff surface:k∗/kc = 200, interaction damping same as inb, no lateral forces.d The influence of the lateral forces and the inclination of
the cantilever; thin solid line:k∗/kc = 200,k∗Lat = γLat = α0 = 0; thick solid line:k∗Lat = 0.85k∗, α0= 0; dashed line:α0 = 15◦

due to lateral stiffness and inclination seem low, they can
exceed the change in resonance frequency which would be
expected from different materials, for example gold and steel.

The damping of the cantilevers is caused by two very dif-
ferent effects. System damping, which is caused by internal
losses in the cantilever and by the surrounding air, affects all
length elements of the beam in the same way. The tip-sample
damping is localized to the end elements of the beam. There-
fore, modes with high velocities atx= L are more affected
by tip-sample damping than others. Each mode has a differ-
ent sensitivity not only to the interaction stiffnessk∗ but also
to the tip-sample damping [14]. In the FMA the fundamental
difference between system damping and interaction damping
cannot be expressed because the two sources of damping are
represented as two dashpots in series; therefore the time re-
sponses of the beam and the point-mass to a pulse excitation
are fundamentally different [14].

2 Nonlinear response

In order to examine the effects of the higher modes on
the nonlinear response, a suitable nonlinear interaction force
curve F(z) was composed of three analytical parts, repre-
senting a contact force, an exponential attractive intermediate
force and a water-film force [15]. The nonlinear response

of the cantilever was calculated using the finite difference
method [14]. It was assumed that the beam was initially in
contact with the sample surface, deflected several nm accord-
ing to a slight repulsive contact force. The specimen surface
was then excited by a variable amplitude harmonic wave with
ω= 2.0 MHz shown as an inset in Fig. 4a. The excitation was
ramped linearly in 20 cycle intervals, held at a constant am-
plitude of 1 nm for 20 cycles and then ramped back to zero.
Figure 4 is a comparison between the beam model (b) and the
point-mass model (a) for the nonlinear interaction force. The
main difference that should be noted is the drastic difference
in the high-frequency components of the vibration. The point-
mass model neglects these higher modes even though they are
seen to play a major role in the dynamics of the beam excited
above the first resonance. The d.c. component prediction of
the point-mass model, shown as the mean response in the in-
set of Fig. 4b, is qualitatively similar, although quantitatively
different.

3 Conclusions

The high-frequency response of atomic force microscope
cantilevers was examined using the elastic beam model and
compared with solutions from the point-mass model. Import-
ant differences in the linear behavior of the two systems were
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Fig. 4a,b. Nonlinear response of the cantilever to a tone-burst signal with
variable amplitude, shown as an inset ina. High-frequency components of
the cantilever vibration are missing in the signal calculated from the point-
mass model (a) in comparison with the result from the beam modelb. The
mean response calculated from the two models is shown in the inset in (b)

found whenever the excitation frequency was near to or above
the natural frequency of the first flexural mode. As a conse-
quence of the difference in drive-point impedance, the effects
of interaction stiffness and interaction damping are distinctly
different in these two systems. The influence of the lateral tip-
sample force and the difference between the amplitude and
the slope at the end of the beam, which cannot be modeled
by a point-mass, were shown to be considerable. Finally, a di-
rect numerical simulation of the elastic beam equation, taking
into account nonlinear forces, provided insight into the im-
portance of the higher-order modes.
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Appendix

Here we consider the situation where vibrations are forced
in the cantilever by vibrating the clamped end atx= 0 with
the amplitudea(t)= a0eiωt . When the time dependencies are

omitted the boundary conditions for the tilted cantilever, tak-
ing into account lateral stiffness and damping are:{

y= a0
∂y
∂x = 0

at x= 0, and{
∂2y
∂x2 =−T(k) ∂y

∂x − X(k)y
∂3y
∂x3 =U(k)y+ X(k) ∂y

∂x

at x= L , (A.1)

where

T(k)= h2

L3
φ(k) cos2 α0+ h2

L3
φLat(k) sin2 α0 , (A.2)

X(k)= h

L3
sinα0 cosα0(φ(k)+φLat(k)) , (A.3)

U(k)= 1

L3
φ(k) sin2α0+ 1

L3
φLat(k) cos2 α0 . (A.4)

k is the wavenumber related toω by the dispersion rela-
tion (2).φ(k) andφ(k)Lat are functions containing the vertical
and lateral contact stiffness and the vertical and lateral inter-
action damping, respectively:

φ(k)= 3
k∗

kc
+ i(kL)2 p p= 3γint

ω0m∗(k1L)2
(A.5)

φ(k)= 3
k∗Lat

kc
+ i(kL)2 pLat pLat= 3γLat

ω0m∗(k1L)2
(A.6)

p and pLat are dimensionless damping constants andk1L ≈
1.875 is the wavenumber times the length of the beam of the
first free flexural mode. The response of the cantilever to the
forcing can be calculated by inserting a general solution of
the equation of motion (1) into the boundary conditions (A.1).
The results are the following analytical expressions for ampli-
tude and the slope at the end of the beam:

y(L, k)= a0

N(k)

(
k4(coskL+coshkL)

+k3T(k)(sinkL+sinhkL)

−k2X(k)(coskL−coshkL)

)
(A.7a)

and

α(L, k)= a0k

N(k)

(
k4(sinhkL−sinkL)

−k2X(k)(sinkL+sinhkL)

+k2U(k)(coskL−coshkL)

)
(A.7b)

with:

N(k)= k4(1+cos(kL) cosh(kL)
)

(A.7c)

+k3T(k)
(

sin(kL) cosh(kL)+sinh(kL) cos(kL)
)

+2k2X(k) sin(kL) sinh(kL)

+kU(k)
(

sin(kL) cosh(kL)−sinh(kL) cosh(kL)
)

+ (T(k)U(k)− X2(k))(1−cos(kL) cosh(kL)
)
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y(L) andα(L) are complex amplitudes due to the complex
representation of damping. The amplitude of vibration is the
absolute value of the complex quantities, which was calcu-
lated with Mathematica [16].
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