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The propagation of elastic waves through heterogeneous, anisotropic media is considered.
Appropriate ensemble averaging of the elastic wave equation leads to the Dyson equation which
governs the mean response of the field. The Dyson equation is given here in terms of anisotropic
elastic Green’s dyadics for the medium with and without heterogeneities. The solution of the Dyson
equation for the mean response is given for heterogeneities that are weak. The formalism is further
specified for the case of equiaxed cubic polycrystalline metals with a single aligned axis. The
Green’s dyadics in this case are those for a transversely isotropic medium. Simple expressions for
the attenuations of the shear horizontal, quasicompressional, and quasishear waves are given in
terms of integrations on the unit circle. The derived expressions are limited to frequencies below the
geometric optics limit, but give the attenuations in a direct manner. Comparisons with previous
results are also discussed. It is anticipated that a similar approach is necessary for the study of wave
propagation in complex anisotropic materials such as fiber-reinforced composites. In addition, the
results are applicable to diffuse ultrasonic inspection of textured polycrystalline media. ©1999
Acoustical Society of America.@S0001-4966~99!04008-4#
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INTRODUCTION

The study of wave propagation and scattering of ela
waves in heterogeneous, anisotropic media is related to
destructive testing, materials characterization and acou
emission of many important materials. Examples inclu
polycrystalline media with texture, fiber-reinforced compo
ites, and extruded metal-matrix composites. Elastic wa
which propagate through such media lose energy due to s
tering from the heterogeneous structure of the material. T
scattering may be characterized by the attenuation of the
dium. If the medium is statistically isotropic, the attenuati
is independent of propagation direction. In an anisotro
medium the scattering attenuation is a function of propa
tion direction. The analysis of this scattering attenuation
therefore, more complicated than that of the isotropic ca
The study of statistically isotropic media and the correspo
ing scattering attenuation has received considerable a
tion. The problem of wave propagation in textured polycry
talline materials has, however, received lesser attent
Stanke and Kino1 briefly discuss the applicability of the
Keller approximation2 to the case of polycrystalline medi
with texture, although they provide no specific resu
Hirsekorn was one of the first to carefully examine the sc
tering in textured polycrystals as a function of frequenc3

The use of a single-sized, spherical grain resulted in unph
cal oscillations at higher frequencies. She then extended
theory, using the same perturbation approach, to determ
the directional dependence of the phase velocity and att
ation of the three wave types.4 The problem was considere
more recently by Ahmed and Thompson.5 They also exam-
ined the case of polycrystalline grains with an aligned a
and developed algebraic equations governing the wave n
ber. The roots of these equations, found numerically, de
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mined the phase velocity and scattering attenuation. T
results were applicable for all frequencies from the Rayle
limit to the geometric optics limit due to their use of th
Keller approximation alone without additional approxim
tions. They have also examined correlations defined by b
equiaxed grains and grains with elongation.5,6 They further
noted the relations between the diffuse backscatter and
presence of texture.7

The general scattering problem as discussed by th
authors and others involves a scattering integral with
Green’s function as its kernel. If the medium is statistica
isotropic, this Green’s function clearly takes the form of t
Green’s function for the isotropic medium. In the case
statistically anisotropic media this choice is less clear. Sta
and Kino argue that the isotropic Green’s function may
used in the analysis for polycrystalline materials w
texture.1 This argument was the basis of the work by Ahm
and Thompson.5 They used the isotropic Green’s function
given by Lifshitz and Parkhamovski8 to describe the scatter
ing in textured media. In addition, they simplified the ana
sis by using the polarization directions for the isotrop
waves. Examination of the Keller approximation indicat
that the choice of Green’s function is not so clear. In t
original discussion,2 a small variable« was defined as a mea
sure of the departure of the medium from homogeneity. T
Green’s function within the scattering integral correspond
to that for the medium for which the heterogeneity was ze
For textured polycrystalline materials, the homogeneous
dium is anisotropic. Thus, an anisotropic Green’s funct
may be more appropriate for this and other similar problem
Comparisons between these different solution methods~e.g.,
isotropic Green’s function with and without anisotropic p
larizations and anisotropic Green’s function! in terms of the
541(2)/541/12/$15.00 © 1999 Acoustical Society of America



ng
je
o

rie
h-

s
i

ly
e
r
n

ea
.
t

h
ea
e
lt
n

f

th
r
n

st

ism
ou
e

er
ea
r t
ul

a
ar
ec
ns

ns
en

gh-
he
et-

an,
ily
co-
en-

-

the

ity
-

c-

the

ose
in-

.
nse

ort
ds.

the

t

strength of the anisotropy will not be addressed here.
The use of an anisotropic Green’s function for modeli

the scattering in statistically anisotropic media is the sub
of this article. Here, the problem is formulated in terms
the Dyson equation as discussed by Frisch9 and Weaver.10

The Dyson equation is easily solved in the spatial Fou
transform domain within the limits of the first-order smoot
ing approximation~FOSA!, or Keller2 approximation. A fur-
ther approximation is also made which restricts the result
frequencies below the high-frequency geometric optics lim
The problem is further specified for the case of cubic po
crystalline grains with one aligned axis and with the oth
two axes randomly oriented. In this case, the anisotropy
duces to that of transverse isotropy. The result is the atte
ation as a function of direction and frequency for the sh
horizontal, quasicompressional, and quasishear waves
particular, the angular dependence of the attenuations in
Rayleigh limit is obtained explicitly. Outside the Rayleig
limit, simple expressions for the attenuations of the sh
horizontal, quasicompressional, and quasishear waves ar
rived in terms of integrations on the unit circle. The resu
are quantitatively similar to those of Ahmed and Thompso5

but are given here in a more direct manner. Differences
the angular dependence are also seen due to the use o
anisotropic Green’s function here.

The present formulation also allows the extension to
full multiple scattering problem to be made in a straightfo
ward manner. Such an extension in terms of radiative tra
fer and diffusion has been discussed previously for the
tistically isotropic case using similar methods.10–13Although
the present application is for textured metals, the formal
is sufficiently general to be applied to other heterogene
media with statistical anisotropy such as fiber-reinforc
composites and extruded metal-matrix composites.

In the next section, the Dyson equation is discussed
terms of the appropriate Green’s dyadics. The formalism
developed for a general anisotropic material without ref
ence to a particular symmetry class. The solution of the m
response is further reduced in the succeeding section fo
case of a transversely isotropic medium. The elastic mod
tensor is specified for this case and expressions for the
tenuation of each wave type are given. Finally, the cov
ance tensor of the elastic moduli fluctuations is further sp
fied for that of cubic polycrystals with texture and solutio
for the case of stainless steel with aligned@001# axes are
given.

I. PRELIMINARY ELASTODYNAMICS

The equation of motion for the elastodynamic respo
of an infinite, linear-elastic material to deformation is giv
in terms of the Green’s dyadic by

H 2d jk

]2

]t2
1

]

]xi
Ci jkl ~x!

]

]xl
J Gka~x,x8;t !

5d j ad3~x2x8!d~ t !. ~1!

The second-rank Green’s dyadic,Gka(x,x8;t), defines
the response at locationx in the kth direction to a unit im-
542 J. Acoust. Soc. Am., Vol. 106, No. 2, August 1999
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pulse at locationx8 in the ath direction. The moduli are
spatially variable and density is assumed uniform throu
out. The units in Eq.~1! have been chosen such that t
density is unity. The moduli are assumed to be spatially h
erogeneous and of the formCi jkl (x)5Ci jkl

0 1dCi jkl (x).
Thus, the moduli have the form of average moduli,Ci jkl

0

5^Ci jkl (x)&, plus a fluctuation about this mean,dCi jkl (x).
The fluctuations are assumed to have zero me
^dCi jkl (x)&50. The mean moduli are not necessar
isotropic—the material may have global anisotropy. The
variance of the moduli is represented by an eighth-rank t
sor

L~x2y!abgd
i jkl 5^dCi jkl ~x!dCabgd~y!&. ~2!

The covariance,L, is given as a function of the differ
ence between two vectors,x2y. This assumption implies
that the medium is statistically homogeneous. However,
additional assumption of statistical isotropy~thatL is a func-
tion of ux2yu) is not made here. The power spectral dens
of the moduli fluctuations,L̃, is given by the Fourier trans
form of the covariance

L̃~p!abgd
i jkl 5E L~r !abgd

i jkl e2 i r–p d3r . ~3!

Defining a temporal Fourier transform pair for the fun
tions f (t) and f̃ (v) by

f̃ ~v!5E f ~ t !eivt dt, ~4!

f ~ t !5
1

2pE f̃ ~v!e2 ivt dv, ~5!

allows Eq.~1! to be transformed as

H v2d jk1Ci jkl
0 ]

]xi

]

]xl
1

]

]xi
dCi jkl ~x!

]

]xl
J Gka~x,x8,v!

5d j ad3~x2x8!. ~6!

The random nature of the medium suggests that
Green’s function,G, is of little value as it will also be a
random function. The interesting quantities are instead th
related to the statistics of the response. These statistics
clude the mean response,^G&, and the covariance of the
response,̂GG* &, with the * denoting a complex conjugate
This article is devoted to examination of the mean respo
with corresponding phase velocities and attenuations.

Wave propagation and scattering problems of this s
do not lend themselves to solution by perturbation metho
As Frisch points out, these solutions do not converge.9 In-
stead Frisch used diagrammatic methods for solution of
mean response.9 The mean response,^G&, is governed by the
Dyson equation which is given by9,10

^Gia~x,x8!&5Gia
0 ~x,x8!1E E Gib

0 ~x,y!Mb j~y,z!

3^Gj a~z,x8!& d3yd3z. ~7!

In Eq. ~7!, the quantityG0 is the bare Green’s dyadic. I
defines the response of the medium without
542Joseph A. Turner: Scattering in textured polycrystals
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heterogeneities—the solution of Eq.~6! with dCi jkl (x)50.
The second-rank tensorM is the mass or self-energ
operator.9 The Dyson equation, Eq.~7!, is easily solved in
Fourier transform space under the assumption of statis
homogeneity. The spatial Fourier transform pair forG0 is
given by

Gia
0 ~p!d3~p2q!5

1

~2p!3E E Gia
0 ~x,x8!

3e2 ip–xeiq–x8 d3xd3x8, ~8!

Gia
0 ~x,x8!5

1

~2p!3E E Gia
0 ~p!d3~p2q!

3eip–xe2 iq–x8 d3pd3q. ~9!

The Fourier transforms which define^G(p)& andM̃ (p)
are given by expressions similar to that definingG0(p). The
assumption of statistical homogeneity ensures that they
functions of a single wave vector in Fourier space. T
Dyson equation can then be spatially Fourier transform
and solved for̂ G(p)&. The result is

^G~p!&5@G0~p!212M̃ ~p!#21, ~10!

where M̃ is the spatial transform of the self-energy. T
Dyson equation is exact and describes the mean respon
the medium. The main difficulty in the solution of Eq.~10! is
the representation ofM . Approximations ofM are often nec-
essary to obtain closed-form solutions of Eq.~10!. The self-
energy,M , can be written as an expansion in powers
moduli fluctuations. Approximation ofM can then be made
to first order using the first term in such an expansion. Fri
discusses the equivalence of this technique, which he ca
the first-order smoothing approximation~FOSA!,9 and the
Keller approximation.2 The FOSA expression forM is given
by10

Mb j~y,z!' K ]

]ya
dCabgd ~y!

3
]

]yd
Ggk

0 ~y,z!
]

]zi
dCi jkl ~z!

]

]zl
L . ~11!

Such an approximation is assumed valid as long as the
tuations,dC, are not too large. The spatial Fourier transfor
as defined by Eq.~8!, of the self-energy,M , is then formu-
lated. Manipulation of this integration allows it to be reduc
to10

M̃b j~p!5E d3sGgk
0 ~s!paplsd siL̃~p2s!abgd

i jkl . ~12!

Thus, the transform of the self-energy can be written
a convolution between the bare Green’s dyadic and the F
rier transform of the covariance of the moduli fluctuation
This expression, Eq.~12!, and the Dyson equation, Eq.~10!,
are the primary results of this section which are used in
remainder of the article. The components ofM̃ , as discussed
in Sec. III, are used to calculate the phase velocity and
tenuation of the various propagation modes. Equation~12! is
543 J. Acoust. Soc. Am., Vol. 106, No. 2, August 1999
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identical to that given by Weaver for a statistically isotrop
medium. However, the use of an anisotropic Green’s dya
for representingG0, which is discussed below, is the ma
new result here. The abbreviated presentation given in
section serves as a reminder of the general procedure fo
description of the mean response. The Dyson equation,
~10!, and the expression for the self-energy, Eq.~12!, will be
used below for the derivation of the attenuations. Read
interested in further details of the scattering theory are
ferred to the articles of Karal and Keller,2 Frisch,9 Stanke
and Kino,1 and Weaver.10

II. GREEN’S DYADIC FOR TRANSVERSELY
ISOTROPIC MEDIA

The solution of the Dyson equation, Eq.~10!, for the
mean response requires the Green’s dyadic for the bare
dium. The bare Green’s dyadic,G0, is defined as the solution
of the equation of motion, Eq.~6!, without heterogeneities
@dCi jkl (x)50#. The emphasis here is on anisotropic med
with heterogeneities. Thus, theG0 required is that for an
anisotropic medium. The lowest possible anisotropic symm
try class to be considered is that of a medium with a sin
symmetry axis. Although this is the simplest case of glo
anisotropy, relevant transversely isotropic or uniaxial ma
rials include fiber-reinforced composites and polycrystall
media with fiber textures. These types of media have a sin
symmetry axis defined here by the unit vector,n̂. This direc-
tion is termed the ‘‘fiber’’ direction although the medium
may not be composed of any fibers. The fourth-rank ela
moduli tensor,C, in a transversely isotropic medium is
function of n̂ and is written

Ci jkl 5l'd i j dkl1m'~d ikd j l 1d i l d jk!1A~d i j n̂kn̂l

1dkln̂i n̂ j !1B~d ikn̂ j n̂l1d i l n̂ j n̂k1d jkn̂i n̂l

1d j l n̂i n̂k!1Dn̂i n̂j n̂kn̂l . ~13!

The above elastic constants are defined asA5n2l' , B
5m i2m' , and D5l'12m'1l i12m i22(n12m i). The
elastic moduli,l i12m i , l'12m' , m' , m i , andn can be
defined alternatively asC11, C33, C44, C66, and C13,
respectively.14

Substitution of this form forC into the equation of mo-
tion, Eq. ~6!, gives in direct notation

$v2I2p2@~m'1B~ p̂•n̂!2!I1p̂p̂~l'1m'!

1n̂n̂~B1D~ p̂•n̂!2!1~A1B!~ p̂•n̂!

3~ p̂n̂1n̂p̂!#%•G0~p,n̂!5I , ~14!

wherep is the wave vector with magnitude,p, and direction
p̂.

The above equation can be written in terms of the wa
matrix, N, by14

NjkGka~p,v!5d j a . ~15!

The eigenvectors ofN define the polarization direction
for the propagating waves.14 These eigenvectors can b
found directly from the wave matrix,N. Explicit expressions
543Joseph A. Turner: Scattering in textured polycrystals
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of the directions of these eigenvectors are required for
results which follow. For this reason, an alternative meth
of determining the eigenvectors is given here.

The shear horizontal wave in a transversely isotro
medium is known to be polarized perpendicular to the pla
defined byp̂ and n̂. This vector,û1, is given by

û15
p̂3n̂

up̂3n̂u
5

p̂3n̂

sinQ
, ~16!

whereQ defines the angle between thep̂ andn̂. The identity
dyadic can then be expanded asI5û1û11(I2û1û1). Use of
the identity15

~ p̂•n̂!~ p̂n̂1n̂p̂!

5û1û1~12~ p̂•n̂!2!2I ~12~ p̂•n̂!2!1n̂n̂1p̂p̂, ~17!

allows the last term in Eq.~14! to be expanded. The result

$û1û1@gSH
0 ~p!#211~ I2û1û1!v2

2p2@~ I2û1û1!Q1Pp̂p̂1En̂n̂#%•G0~p,n̂!5I , ~18!

where the shear horizontal dispersion relation is

@gSH
0 ~p!#215v22p2~m'1B~ p̂•n̂!2!. ~19!

The quantitiesQ, P, andE in Eq. ~18! are defined by

Q5m'1B~ p̂•n̂!22~A1B!~12~ p̂•n̂!2!,

P5l'1m'1A1B5n1m i , ~20!

E5A12B1D~ p̂•n̂!2.

The quasi P and SV waves are polarized in directio
defined byû2 andû3 both of which lie in thep̂-n̂ plane. They
form an orthonormal basis withû1 such thatû35û13û2.
The vectorû2 is directed at an anglec from the propagation
direction p̂. Use of the directionsû2 and û3 allows G0 to be
diagonalized. ThusI2û1û15û2û21û3û3. The vectorsp̂ and
n̂ are then written in terms ofû2 and û3 as

p̂5û2cosc1û3sinc, ~21!

n̂5û2cos~c1Q!1û3sin~c1Q!. ~22!

Substitution into Eq.~18! gives

$û1û1@gSH
0 ~p!#211û2û2@v22p2~Q1Pcos2c

1Ecos2~Q1c!!#1û3û3@v22p2~Q1Psin2c1Esin2

3~Q1c!!#2~ û2û31û3û2!@Esin~Q1c!cos~Q1c!

1Psinccosc#%•G0~p!5I . ~23!

The vectorsû2 andû3, which define the polarizations o
the quasi-P and quasi-SV waves, respectively, are eigen
tors of N and diagonalizeG0. Thus, the term in Eq.~23!

containingû2û31û3û2 must be zero. This fact establishes
criterion for the anglec given by
544 J. Acoust. Soc. Am., Vol. 106, No. 2, August 1999
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tan2c5
2Esin2Q

P1Ecos2Q
. ~24!

The directions ofû2 andû3 are defined in terms ofc for
later convenience. The above equation forc, Eq. ~24!, must
be used with care when numerical methods are employ
The value ofc which satisfies Eq.~24! may correspond to
either the quasi-P or quasi-SV wave. It should also be kep
mind that the vectorsû2 andû3 are functions of the direction
of propagation,p̂, relative to the fiber direction,n̂. This de-
pendence,c5c(Q), which is evident in Eq.~24!, will re-
main implicit throughout.

The bare Green’s dyadic may now be written

G0~p!5gSH
0 ~p!û1û11gqP

0 ~p!û2û21gqSV
0 ~p!û3û3 . ~25!

The dispersion relations for the bare response of the
qP, and qSV waves are given by

gSH
0 ~p!5@v22p2~m'1Bcos2Q!#215@v22p2cSH

2 #21,

gqP
0 ~p!5@v22p2~Q1Pcos2c1Ecos2~Q1c!!#21

5@v22p2cqP
2 #21, ~26!

gqSV
0 ~p!5@v22p2~Q1Psin2c1Esin2~Q1c!!#21

5@v22p2cqSV
2 #21,

where the anglec is defined by Eq.~24! andQ, P, andE are
defined in Eq.~20!. The above expressions also describe
phase velocity,cb , as a function of propagation direction fo
each wave type,b. The imaginary parts of these expressio
will be used below and are given by

Imgb
0~p!52p sgn~v!d~v22p2cb

2 !. ~27!

The mean response of the heterogeneous medium is
given by solution of the Dyson equation.

III. MEAN RESPONSE

The mean response,^G(p)&, is given by solution of the
Dyson equation, Eq.~10!, above. The solution of̂G(p)& is
expressed in terms ofG0(p) andM̃ „p). Like G0, the mean
response and self-energy may be expanded in terms o
orthonormal basis defined byû1 , û2, andû3. Thus,

^G~p!&5gSH~p!û1û11gqP~p!û2û21gqSV~p!û3û3 ,
~28!

M̃ ~p!5mSH~p!û1û11mqP~p!û2û21mqSV~p!û3û3 ,

where it is again emphasized that the directionsû1 , û2, and
û3 are dependent upon the propagation directionp̂.

The dispersion relations for the mean response are
given by the solution of the Dyson equation, Eq.~10!, as

gb~p!5@gb
0~p!212mb~p!#21

5@v22p2cb
22mb~p!#21, ~29!
544Joseph A. Turner: Scattering in textured polycrystals
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for each wave type,b. This expression for the dispersio
relation of the mean response defines the phase velocity
attenuation of each wave type. Solution of

v22p2cb
22mb~p!50, ~30!

for the wave vectorp, is required givenM̃ defined in Eq.
~12!. The inverse Fourier transform of^G(p)& will be domi-
nated by the poles of the dispersion relations. The ph
velocity is given by the real part ofp and the attenuation by
the imaginary part. Such solutions of Eq.~30! are usually
done numerically using root finding techniques.5 However,
explicit expressions for the attenuation can be determi
using an approximation valid below the high-frequency g
metric optics limit. In this case, the wave vectorp within the
self-energy is approximated as being equal to the bare w
vector. Such an approximation,mb(p)'mb@(v/cb) p̂#, is
sometimes called a Born approximation.1,10 This approxima-
tion allows the imaginary part ofp to be calculated directly
un

n

on

nc

in
o
in

ic
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from Eq.~30!. The attenuation of each wave type is given

ab~ p̂!52
1

2vcb~ p̂!
ImmbS v

cb
p̂D . ~31!

The final step in this derivation now lies in the expre
sion for the imaginary part of the self-energy. The definiti
of the self-energy was given by Eq.~12!. The form of the
self-energy given by Eq.~28! is substituted into Eq.~12!.
Appropriate inner products allow each component of
self-energy to be determined independently. The wave n
bers which appear in Eq.~12! are approximated to the sam
degree of the Born approximation discussed above. The
tegration over the magnitude of the wave vector is ea
done due to the delta-function form ofG0(s). The delta
functions are the result of consideration of the imagina
parts of the dispersion relations given by Eq.~27!. The at-
tenuations for the three wave types, each defined by Eq.~31!,
are finally given by
aSH~ p̂!5
1

cSH
3 ~ p̂! H p

4E d2ŝ
v4

cSH
5 ~ ŝ!

L̃S v

cSH~ p̂!
p̂2

v

cSH~ ŝ!
ŝD

••••û1p̂ŝv̂1

••••û1p̂ŝv̂1

1
p

4E d2ŝ
v4

cqP
5 ~ ŝ!

L̃S v

cSH~ p̂!
p̂2

v

cqP~ ŝ!
ŝD

••••û1p̂ŝv̂2

••••û1p̂ŝv̂2

1
p

4E d2ŝ
v4

cqSV
5 ~ ŝ!

L̃S v

cSH~ p̂!
p̂2

v

cqSV~ ŝ!
ŝD

••••û1p̂ŝv̂3

••••û1p̂ŝv̂3J , ~32!

aqP~ p̂!5
1

cqP
3 ~ p̂! H p

4E d2ŝ
v4

cSH
5 ~ ŝ!

L̃S v

cqP~ p̂!
p̂2

v

cSH~ ŝ!
ŝD

••••û2p̂ŝv̂1

••••û2p̂ŝv̂1

1
p

4E d2ŝ
v4

cqP
5 ~ ŝ!

L̃S v

cqP~ p̂!
p̂2

v

cqP~ ŝ!
ŝD

••••û2p̂ŝv̂2

••••û2p̂ŝv̂2

1
p

4E d2ŝ
v4

cqSV
5 ~ ŝ!

L̃S v

cqP~ p̂!
p̂2

v

cqSV~ ŝ!
ŝD

••••û2p̂ŝv̂3

••••û2p̂ŝv̂3J , ~33!

aqSV~ p̂!5
1

cqSV
3 ~ p̂! H p

4E d2ŝ
v4

cSH
5 ~ ŝ!

L̃S v

cqSV~ p̂!
p̂2

v

cSH~ ŝ!
ŝD

••••û3p̂ŝv̂1

••••û3p̂ŝv̂1

1
p

4E d2ŝ
v4

cqP
5 ~ ŝ!

L̃S v

cqSV~ p̂!
p̂2

v

cqP~ ŝ!
ŝD

••••û3p̂ŝv̂2

••••û3p̂ŝv̂2

1
p

4E d2ŝ
v4

cqSV
5 ~ ŝ!

L̃S v

cqSV~ p̂!
p̂2

v

cqSV~ ŝ!
ŝD

••••û3p̂ŝv̂3

••••û3p̂ŝv̂3J . ~34!
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The integrals in the above equations are over the

sphere defined byŝ. The directionp̂ defines the propagatio

direction, ŝ is the scattered direction, and the polarizati

directions,û andv̂. In the above expressions the depende

of the vectorsû on p̂ and ofv̂ on ŝ is implicit. The argument
of the autocorrelation is the difference between the incom
and outgoing propagation directions. The inner products
the autocorrelation of the moduli fluctuations are given
terms of four unit vectors. This inner product is given expl
it

e

g
n

-

itly by L̃(q)
••••ûp̂ŝv̂
••••ûp̂ŝv̂

5L̃(q)abgd
i jkl ûbûkp̂ap̂l ŝi ŝdv̂gv̂ j .

The above expressions for the attenuation are more c
plicated than those for a statistically isotropic medium co
sidered by Weaver.10 They reduce to the forms given there
the case of statistical isotropy. The dependence of w
speed and polarization direction on propagation direct
greatly complicates the integrations. In the next section,
covariance is specified for equiaxed cubic polycrystals w
texture.
545Joseph A. Turner: Scattering in textured polycrystals



la
ne
in
p
he
a
st
nc

a-
x

e

th

hi
er

ag

rth

l is

.
e
ori-

ro-
is

-

-

er-
tin
c-
s as
IV. EQUIAXED POLYCRYSTALLINE MEDIA WITH
TEXTURE

The above formalism is now specified for the particu
problem of equiaxed cubic polycrystalline media with o
aligned axis. This particular grain structure arises dur
welding or solidification. In this case the transverse isotro
is the result of alignment of one grain axis in all grains. T
other axes are randomly oriented about that axis. Two
sumptions are made about the fluctuations of the ela
moduli. The tensorial and spatial components of covaria
are first assumed independent. This assumption implies

L̃~p!abgd
i jkl 5Jabgd

i jkl W̃~p!, ~35!

whereW̃ (p) is the Fourier transform of the spatial correl
tion function. The grains are also assumed to be equia
such thatW(r )5e2r /L. The correlation length,L, is of the
order of the grain radius. The Fourier transform is then giv
by

W̃~q!5
L3

p2~11L2q2!2
. ~36!

The forms of the attenuation given above contain
difference of two vectors, W̃(q)5W̃(@v/c1(Q)# p̂
2@v/c2(Q8)# ŝ) as the argument forL̃(p). The form of
correlation function is dependent upon magnitude of t
vector. Trigonometry reduces the magnitude of this diff
ence to

q25U v

c1~Q!
p̂2

v

c2~Q8!
ŝU2

5
v2

c1
2~Q!

1
v2

c2
2~Q8!

2
2v2

c1~Q!c2~Q8!
~ p̂–ŝ!. ~37!

The form of the eighth-rank tensor,Jabgd
i jkl , is now dis-

cussed with regard to cubic crystallites.

A. Statistics of textured cubic polycrystalline media
with aligned †001‡ axis

The average medium is characterized by the aver
elastic modulus tensor,̂Ci jkl &. For a statistically trans-
versely isotropic medium, the average modulus is a fou
rank tensor which is a function of the unit vectorn̂. The most
general form for this tensor is
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^Ci jkl ~x!&[Ci jkl
0

5l'd i j dkl1m'~d ikd j l 1d i l d jk!

1A~d i j n̂kn̂l1dkln̂i n̂ j !

1B~d ikn̂ j n̂l1d i l n̂ j n̂k1d jkn̂i n̂l1d j l n̂i n̂k!

1Dn̂i n̂j n̂kn̂l . ~38!

The elastic modulus tensor for a single cubic crysta
given by

Ci jkl ~x!5c12d i j dkl1c44~d ikd j l 1d i l d jk!1h (
n51

3

ai
naj

nak
nal

n ,

~39!

where h5c112c1222c44 is the single-crystal anisotropy
The elementsai

n define the rotation matrix in terms of th
Euler angles. Each grain is assumed to have a different
entation such that the last term in Eq.~39! is dependent upon
x. The ensemble average for this medium is defined by
tation about the aligned axis of the grains. This average
given by

^ f &5
1

2pE0

2p

f ~f!df, ~40!

where the dummy variablef is defined in the plane perpen
dicular to the direction of the aligned axis.

Carrying out the average for Eq.~39! and equating like
terms with Eq.~38! gives

l'5c121
h

4
, m'5c441

h

4
,

~41!
A5B52

h

4
, D5

7h

4
.

The average modulus tensor is then

^Ci jkl &5S c121
h

4 D d i j dkl1S c441
h

4 D ~d ikd j l 1d i l d jk!

2
h

4
~d i j n̂kn̂l1dkln̂i n̂ j !2

h

4
~d ikn̂ j n̂l1d i l n̂ j n̂k

1d jkn̂i n̂l1d j l n̂i n̂k!1
7h

4
n̂i n̂ j n̂kn̂l . ~42!

The eighth-rank covariance,Jabgd
i jkl , is also a function of

the single vectorn̂. It can therefore be constructed of Kro
necker deltas and pairs ofn̂’s. The symmetry of the cubic
crystal also implies that this tensor must be invariant to p
mutation of Latin or Greek indices and exchange of all La
for all Greek indices. Thus, the covariance of moduli flu
tuations may be written in terms of 14 independent tensor
Jabgd
i jkl 5^Ci jkl Cabgd&2^Ci jkl &^Cabgd&

5h2K S (
n51

3

ai
naj

nak
nal

nD S (
n51

3

aa
nab

nag
nad

nD L 2h2K (
n51

3

ai
naj

nak
nal

nL K (
n51

3

aa
nab

nag
nad

nL
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5b0~d i j dkl1d ikd j l 1d i l d jk!~dabdgd1dagdbd1daddbg!1d0~dLLdGGdGLdGL272 terms!

1h0~dGLdGLdGLdGL224 terms!1b2~dLLdLLdGGn̂Gn̂G1dGGdGGdLLn̂Ln̂L236 terms!1c2~dGLdGLdLLn̂Gn̂G

1dGLdGLdGGn̂Ln̂L2144 terms)1d2~ n̂Gn̂LdGLdGGdLL2144 terms!1h2~ n̂Gn̂LdGLdGLdGL296 terms!

1b4@ n̂i n̂ j n̂kn̂l~dabdgd1dagdbd1daddbg!1n̂an̂bn̂gn̂d~d i j dkl1d ikd j l 1d i l d jk!#

1c4~dGGdLLn̂Gn̂Gn̂Ln̂L236 terms!1d4~dLLdGLn̂Ln̂Gn̂Gn̂G1dGGdGLn̂Ln̂Ln̂Ln̂G296 terms!

1h4~dGLdGLn̂Ln̂Ln̂Gn̂G272 terms!1b6~dGGn̂Gn̂Gn̂Ln̂Ln̂Ln̂L1dLLn̂Ln̂Ln̂Gn̂Gn̂Gn̂G212 terms!

1d6~dLGn̂Ln̂Ln̂Ln̂Gn̂Gn̂G216 terms!1d8n̂i n̂ j n̂kn̂l n̂an̂bn̂gn̂d . ~43!
s
n
he
c

36

-
n
ar
rm

te

o-
to
he
la

e
o

lic

of
will
a-
ss

en-

t to

e

he
er
The above terms not explicitly given are written in term
of G andL. This notation implies the form of the terms give
by Greek or Latin indices. All possible permutations of t
particular form are implied and the number of terms of ea
form is also given. For example, the factorc4 contains terms
such asdabd i j n̂gn̂dn̂kn̂l and dagd ikn̂bn̂dn̂ j n̂l plus all other
permutations of Greek and Latin indices for a total of
terms.

The 764 terms in Eq.~43! completely define the covari
ance in a coordinate-free manner. The averages give
terms of the Euler angles can be carried out and comp
with the results of the covariance given by the general fo
The coefficients are found to be

d85b652d65
9h2

288
,

b452d452h25h05
3h2

288
,

~44!

d25c25b052d052b252c45
h2

288
,

h45
5h2

288
.

The forms of the attenuations given in Eqs.~32!–~34!
above require various inner products on the covariance

sor. These inner products have the general form ofJ
••••q̂p̂ŝr̂
••••q̂p̂ŝr̂ ,

where the vectorsp̂ andŝ represent the incoming and outg
ing and propagation directions, respectively, and the vec
q̂ and r̂ are vectors defining the polarization directions of t
particular wave. These vectors are perpendicular to the p
defined byŝ or p̂ and n̂ ~for SH waves! or they lie in this
plane ~for qP and qSV!. This general inner product can b
written in terms of various combinations of inner products
the vectors involved. The most general form is given exp
itly elsewhere.16
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Specific inner products required for the calculation
the attenuations are now determined. The attenuations
vary angularly only within the plane defined by the propag
tion direction and the fiber direction. Therefore, without lo
of generality, a reference plane is defined as thep̂-n̂ plane.
The following vectors are then defined with respect to a g
eral xyz coordinate system as

n̂5 ẑ,

p̂5 ŷsinQ1 ẑcosQ, ~45!

ŝ5 x̂sinQ8cosf81 ŷsinQ8sinf81 ẑcosQ8.

The polarization vectors are then defined with respec
these angles andc @Eq. ~24!# as

û15 x̂,

û25 ŷsing1 ẑcosg, ~46!

û352 ŷcosg1 ẑsing,

and

v̂15 x̂sinf82 ŷcosf8,

v̂25 x̂sing8cosf81 ŷsing8sinf81 ẑcosg8, ~47!

v̂352 x̂cosg8cosf82 ŷcosg8sinf81 ẑsing8,

where the anglesg andg8 used above are defined by

g5Q1c~Q!, g85Q81c~Q8!. ~48!

These angles,g and g8, define the orientation angle of th
qP wave with respect to then̂ direction in thep̂-n̂ and ŝ-n̂
planes, respectively.

Using these definitions of the relevant unit vectors, t
required inner products simplify considerably. The inn
products are foraSH,
547Joseph A. Turner: Scattering in textured polycrystals
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J
••••û1p̂ŝv̂1

••••û1p̂ŝv̂15
h2

32
sin2Q8sin2Q,

J
••••û1p̂ŝv̂2

••••û1p̂ŝv̂25
h2

32
sin2Q8sin2g8sin2Q, ~49!

J
••••û1p̂ŝv̂3

••••û1p̂ŝv̂35
h2

32
sin2Q8cos2g8sin2Q,

for aqP,

J
••••û2p̂ŝv̂1

••••û2p̂ŝv̂15
h2

32
sin2Q8sin2gsin2Q,

J
••••û2p̂ŝv̂2

••••û2p̂ŝv̂25
h2

32
sin2Q8sin2g8sin2gsin2Q, ~50!

J
••••û2p̂ŝv̂3

••••û2p̂ŝv̂35
h2

32
sin2Q8cos2g8sin2gsin2Q;

and, foraqSV,

J
••••û3p̂ŝv̂1

••••û3p̂ŝv̂15
h2

32
sin2Q8cos2gsin2Q,

J
••••û3p̂ŝv̂2

••••û3p̂ŝv̂25
h2

32
sin2Q8sin2g8cos2gsin2Q, ~51!

J
••••û3p̂ŝv̂3

••••û3p̂ŝv̂35
h2

32
sin2Q8cos2g8cos2gsin2Q,

where g and g8 are defined in Eq.~48!. The expressions
given by Eqs.~49!–~51! are also directly related to the dif
fuse propagation including backscatter.11–13

Using the above inner products, the attenuations red
to

aSH~Q!5
v4sin2Q

cSH
3 ~Q!

h2p

128E0

2p

df8E
0

pF W̃SH2SH~ p̂,ŝ!sin3Q8

cSH
5 ~Q8!

1
W̃SH2qP~ p̂,ŝ!sin3Q8sin2g8

cqP
5 ~Q8!

1
W̃SH2qSV~ p̂,ŝ!sin3Q8cos2g8

cqSV
5 ~Q8!

GdQ8, ~52!
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aqP~Q!5
v4sin2gsin2Q

cqP
3 ~Q!

h2p

128E0

2p

df8

3E
0

pF W̃qP2SH~ p̂,ŝ!sin3Q8

cSH
5 ~Q8!

1
W̃qP2qP~ p̂,ŝ!sin3Q8sin2g8

cqP
5 ~Q8!

1
W̃qP2qSV~ p̂,ŝ!sin3Q8cos2g8

cqSV
5 ~Q8!

GdQ8, ~53!

aqSV~Q!5
v4cos2gsin2Q

cqSV
3 ~Q!

h2p

128E0

2p

df8

3E
0

pF W̃qSV2SH~ p̂,ŝ!sin3Q8

cSH
5 ~Q8!

1
W̃qSV2qP~ p̂,ŝ!sin3Q8sin2g8

cqP
5 ~Q8!

1
W̃qSV2qSV~ p̂,ŝ!sin3Q8cos2g8

cqSV
5 ~Q8!

GdQ8. ~54!

These expressions are now nondimensionalized and
plified. Reference wave speeds are needed for the nondim
sionalization. Rather than using the Voigt average wa
speeds, wave speeds characteristic of the anisotropic me
are used. Average wave speeds are defined as

c̄b5
1

2E0

p

cb~Q!sinQ dQ, ~55!

for each wave type,b. The three nondimensional frequen
cies are then defined asxb5vL/ c̄b . Finally, dimensionless
quantities which describe the slowness surface for each w
type are defined byr b(Q)5 c̄b /cb(Q).

The expressions for the spatial correlation functio
must now be discussed. Using the form of the spatial Fou
transform of the correlation function, given by Eq.~36!, the
functionsW̃b2g(p̂,ŝ) are determined. In terms of the abov
dimensionless quantities, we find
W̃b2g~ p̂,ŝ!5
L3

p2~11xb
2r b

2~Q!1xg
2r g

2~Q8!22xbxgr b~Q!r g~Q8!p̂–ŝ!2
~56!
for the incoming wave typeb and outgoing wave typeg.

The inner product,p̂–ŝ5cosQcosQ81sinQsinQ8sinf8. The
integration overf8 in Eqs.~52!–~54! can be done in closed

form. The resulting dimensionless attenuations are then
548Joseph A. Turner: Scattering in textured polycrystals
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aSH~Q!L5xSH
4 h2

64r2c̄SH
4

r SH
3 ~Q!sin2Q

3F I SH2SH1I SH2qPS c̄SH

c̄qP
D 5

1I SH2qSVS c̄SH

c̄qSV
D 5G ,

~57!

aqP~Q!L5xqP
4 h2

64r2c̄qP
4

r qP
3 ~Q!sin2Qsin2g

3F I qP2SHS c̄qP

c̄SH
D 5

1I qP2qP1I qP2qSVS c̄qP

c̄qSV
D 5G ,

~58!

aqSV~Q!L5xqSV
4 h2

64r2c̄qSV
4

r qSV
3 ~Q!sin2Qcos2g

3F I qSV2SHS c̄qSV

c̄SH
D 5

1I qSV2qPS c̄qSV

c̄qP
D 5

1I qSV2qSVG , ~59!

with the density,r, now included.
The above terms within the square brackets repre

integrals which are given by the general forms

I b2SH5E
0

pr SH
5 ~Q8!Xb2SHsin3Q8

~Xb2SH
2 2Yb2SH

2 !3/2
dQ8,

I b2qP5E
0

pr qP
5 ~Q8!Xb2qPsin2~Q81c~Q8!!sin3Q8

~Xb2qP
2 2Yb2qP

2 !3/2
dQ8,

~60!

I b2qSV

5E
0

pr qSV
5 ~Q8!Xb2qSVcos2~Q81c~Q8!!sin3Q8

~Xb2qSV
2 2Yb2qSV

2 !3/2
dQ8,

with

Xb2g511xb
2r b

2~Q!1xg
2r g

2~Q8!

22xbxgr b~Q!r g~Q8!cosQcosQ8,
~61!

Yb2g52xbxgr b~Q!r g~Q8!sinQsinQ8,

for the different wave types,b andg.
In the Rayleigh limit, these integrals simplify conside

ably. They become independent of incident direction and
quency and are given by

I b2SH5E
0

p

r SH
5 ~Q8!sin3Q8 dQ8,

I b2qP5E
0

p

r qP
5 ~Q8!sin2~Q81c~Q8!!sin3Q8 dQ8,

~62!
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I b2qSV5E
0

p

r qSV
5 ~Q8!cos2~Q81c~Q8!!sin3Q8 dQ8,

for all incoming wave typesb. Thus, the angular depen
dence of the attenuations in the Rayleigh limit is seen exp
itly. The attenuations are dependent upon the cube of
slowness multiplied by a factor related to the polarizati
type. The attenuationaSH varies asr SH

3 (Q)sin2Q, aqP varies
as r qP

3 (Q)sin2(Q1c(Q))sin2Q, and aqSV varies as
r qSV

3 (Q)cos2(Q1c(Q))sin2Q.

B. Results for stainless steel

Numerical results are now presented for the specific c
of stainless steel with aligned@001# axes. The material prop
erties used are5

c1152.1631011 Pa, c1251.4531011 Pa,
~63!

c4451.2931011 Pa, r57860 kg/m3.

The slowness surfaces calculated using the disper
relations for the bare medium, Eqs.~26!, are shown in Fig. 1.
These results agree well with those of previous authors.5

FIG. 1. Slowness surfaces for stainless steel with texture.

FIG. 2. Dimensionless attenuation in the Rayleigh limit as a function
direction for the SH, qP, and qSV waves. The dimensionless attenuationaL
has been normalized by the fourth power of the dimensionless frequenc
the respective wave type:aSHL/xSH

4 , aqPL/xqP
4 , andaqSVL/xqSV

4 .
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Attenuation results, using Eqs.~57!–~59! are given in
terms of the single dimensionless frequencyxSH

5vL/ c̄SH. The calculations are primarily limited toxSH

,10 corresponding to the onset of the geometric optics li
observed by Ahmed and Thompson.5 ~Their dimensionless
frequency,x5kd, is based on the grain diameter. Here, th
quantity contains the grain radius.! The required integrals
were calculated numerically using a Newton–Cotes qua
ture function quad8 available in the software packag
Matlab.17

In the Rayleigh limit, the integrals in Eqs.~60! reduce to
those given by Eqs.~62!. For the case considered here, w
parameters given by Eq.~63!, these integrals areI b2SH

51.623, I b2qP51.068, andI b2qSV50.6271. In the Ray-
leigh regime the attenuation depends on the fourth powe
frequency. Thus, the angular dependence of the three att
ations is described by the quantityaL/x4. This parameter for
each wave type is shown in Fig. 2. TheSH and qP waves
have their maxima perpendicular to the fiber direction.
wave types have zero attenuation in the fiber direction—
material properties do not vary in that direction. The qS
wave is seen to have zero attenuation in the fiber direc
and perpendicular to the fiber direction. This result is
same as previous work.4,5 Here, however, the same symm
try is not seen. The qSV attenuation actually peaks at 47
rather than 45°. The qSV attenuation greater than the pe
slightly higher than that for propagation directions below t
peak as well. Thus, the inclusion of the wave polarizatio
through the anisotropic Green’s dyadic results in slight d
ferences from the case without.

Results outside the Rayleigh regime are calculated u
the complete integrals, Eqs.~60!. The directional dependenc
of the attenuation as a function of frequency is presen
first. Figure 3 shows the normalized SH attenuati
aSH/kSH, as a function of propagation direction for five di
ferent frequencies. These results may be contrasted with
results in the Rayleigh limit. As the frequency increases
see that the attenuation in the cross-fiber direction incre
more than in other directions. The results for the normaliz
qP attenuation,aqP/kqP, are shown in Fig. 4. These resul

FIG. 3. Angular dependence of the normalized SH attenuation,aSH/kSH,
for various frequencies,xSH.
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are similar to the SH attenuation. The cross-fiber attenua
increases more rapidly than other directions as the freque
increases. Similar results were seen by Hirsekorn4 and
Ahmed and Thompson.5

The normalized qSV attenuation,aqSV/kqSV, is shown
in Fig. 5 at the same frequencies as Figs. 3 and 4. The
tenuation in the fiber and cross-fiber directions is zero
expected from the form of the modulus fluctuations. T
direction of maximumaqSV, as observed in Fig. 5, is seen
be a function of frequency. This result is shown more exp
itly in Fig. 6 in which the direction of maximumaqSV is
plotted versusxSH. This direction is 47.1° in the Rayleigh
limit as was seen in Fig. 2. The direction of maximumaqSV

then increases with increasing frequency. The peak in
maximum occurs at a frequency of aboutxSH51.8 at an
angle of 51.8°. The direction of maximumaqSV then de-
creases for larger values ofxSH. The result presented her
differs from that presented by Ahmed and Thompson.5 Their
maximum aqSV occurs at 45° in the Rayleigh regime. A
higher frequencies they noted an increase in the angle
maximumaqSV, although the shift from 45° is not as dra

FIG. 4. Angular dependence of the normalized qP attenuation,aqP/kqP, for
various frequencies,xSH.

FIG. 5. Angular dependence of the normalized qSV attenuation,aqSV /kqSV,
for various frequencies,xSH.
550Joseph A. Turner: Scattering in textured polycrystals
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matic as that seen here. This difference is also attribute
the inclusion of polarization direction in the present resu

The appearance of the additional peak in the SV atte
ation at about 69° is observed. The presence of such a
at the same angle was also observed by Ahmed and Tho
son. They suggested that this phenomenon was related t
stochastic-geometric transition. However, the presence
this peak in the present results shows that this is not
case—the above derivation is limited to frequencies excl
ing the high-frequency geometric limit. The above forms
the attenuation allow this phenomenon to be examined m
closely. The integralsI SH2qSV and I qSV2SH in the equations
for attenuation, Eqs.~60!, have peaks at about 69°. This pe
is the result of the form of the spatial correlation functi
between the SH and qSV modes. The te
XSH2qSV(XSH2qSV

2 2YSH2qSV
2 )23/2 determines the specific di

rection of this peak and is a function of the angular ph
velocities and propagation direction. Closer examinat
shows that this peak occurs at the angle corresponding to
intersection of the SH and qSV slowness surfaces of 69
The appearance of a similar peak is seen in the angular
of SH attenuation, Fig. 3, atxSH510.

Finally, results are presented for the normalized atte
ations as a function of frequency for several propagation
rections. In Figs. 7 and 8 the normalized SH and qP atte
ations are plotted versus dimensionless frequency,xSH, for
propagation directions of 45°, 69.5°, and 90°. The SH atte
ation in the cross-fiber direction is seen to increase m
rapidly than other directions for increasing frequency. T
qP attenuation has a local maximum which is a function
propagation direction. Similar results were given by Ahm
and Thompson.5 The normalized qSV attenuation is plotte
versus frequency,xSH, for propagation directions of 45° an
69.5° in Fig. 9. The attenuation at 69.5° increases more
idly than that at 45°. However, at higher frequencies the ra
between the two appears to be constant. Thus, the pea
69.5° observed in the angular plots, Fig. 5, is not expecte
become larger than that of 45°, within the frequency lim
used here.

FIG. 6. Direction of maximum qSV attenuation as a function of frequen
xSH. This angle is about 47.1° in the low-frequency limit, peaks at ab
51.8° atxSH51.8 and then decreases for higher frequencies.
551 J. Acoust. Soc. Am., Vol. 106, No. 2, August 1999
to
.
u-
ak
p-

the
of
e
-

f
re

e
n
he
°.
lot

-
i-
u-

-
re
e
f

d

p-
o
at

to

V. DISCUSSION

The propagation and scattering of elastic waves in h
erogeneous, anisotropic media has been examined. Appr
ate ensemble averaging of the elastic wave equation resu
in the Dyson equation, governing the mean field. The pr
lem was further specified for the case of transverse isotro
The Green’s dyadic for a transversely isotropic medium w
used to derive expressions for the attenuation of the sh
horizontal, quasicompressional, and quasishear waves.
covariance of moduli fluctuations were determined
coordinate-free form for cubic polycrystalline materials wi
aligned@001# axes. The final forms of the attenuations for t
three wave types were given by simple expressions involv
integrations over the unit circle. The integrands are dep
dent upon inner products on the convariance of modu
fluctuations and factors of phase velocity. The simple fo
of the results makes them particularly useful for nondestr
tive testing and materials characterization research and
inclusion of attenuation in numerical models of elastic wa
propagation such as those by Spies.14,18,19 The results pre-

,
t
FIG. 7. Normalized SH attenuation,aSH/kSH, as a function of dimension-
less frequency,xSH, for propagation directions of 45°, 69.5°, and 90°.

FIG. 8. Normalized qP attenuation,aqP/kqP, as a function of dimensionles
frequency,xSH, for propagation directions of 45°, 69.5°, and 90°.
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sented here are also directly related to diffuse field meth
such as backscatter techniques. In addition, the above
malism holds for other forms of global anisotropy. The ba
Green’s dyadic may be expanded in a similar fashion. T
main difficulty will then lie in the determination of the form
of the covariance of elastic moduli fluctuations.
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