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The scattering of elastic waves in a medium with damage from microcracking is discussed. The
influence of damage from penny-shaped microcracks within a homogeneous medium is considered.
The microcracks are assumed to be randomly oriented and uniformly distributed. Explicit
expressions are derived for the attenuation of longitudinal and shear elastic waves in terms of the
damage parameter and the effective elastic moduli of the medium. A generalized tensor-based
approach is used such that the results are coordinate free. The derivation is based upon
diagrammatic methods. The problem is formulated in terms of the Dyson equation, which is solved
for the mean field response within the limits of the first-order smoothing approximation. The
longitudinal and shear attenuations are discussed in terms of their frequency dependence and
damage dependence. In particular, the attenuations are shown to scale linearly with the damage
parameter. ©2003 Acoustical Society of AmericaDOI: 10.1121/1.1570444

PACS numbers: 43.20.Bi, 43.20.Gp, 43.35[DEC]

I. INTRODUCTION ing, penny-shaped cracks that are randomly oriented. How-
ever, the coordinate-free approach allows for nonrandom
The scattering of elastic waves in complex media, parensembles of microcracks to be studied with relative ease.
ticularly at ultrasonic frequencies, is of importance to non-Thjs topic is the subject of ongoing research by the authors.
destructive testing, materials characterization and other ret js assumed that the constitutive behavior of the stiffness
search areas. Information about the decay in the coherefatrix or compliance matrix in the pristine state is suffi-
field due to scattering attenuation may often be used to infegiently characterized at the local level by a linear elastic
information about the microstructure of the matetidihe  rejation between the average stresses and average strains of
incoherent field also contains microstructural information.the traditional form. In standard damage mechanics
Quantitative comparisons with experimental results require #eory**® the continuum model is described by a macro-
well-developed model of the effects of the microstructure Ofscopic damage parameter attributed to the microcracks.
the wave behavior. If the microstructure is modified, such as  The effective elastic moduli of the medium that contains
through the development of microcracks within the medium,many penny-shaped cracks is first presented using techniques
this change in microstructure would manifest itself in thegiscussed by Nemat-Nasser and Hbaind Kachanoet al X’
scattered wave fields as well. In the case of structural materhese techniques have been used to estimate the upper and
rials such as concrete, polycrystalline metals and most comower bounds of the material properties with distributed
posites, these microcracks are typically induced by materialgamage. The general inequality was presented by Hashin and
processing, manufacturing, aging and other in-service condishtrikmari® using a variational approach. Similar ideas have
tions. Changes in material response due to microcracking ageen used to estimate the effective conductivity of such
typically inferred ultrasonically by the decrease in wave ve-medial® The effective Lameconstants derived here are in
locity or the increase in ultrasonic attenuation, both of WhiChagreement with previous analyses. Next, expressions for the
indicate a stiffness degradation or loss of strength of thenoduli fluctuations are derived in terms of the single crack
material” The limits of detecting these changes in wave be-compliance. The fluctuations and corresponding covariance
havior depend on the amount of increased scattering due {§ the moduli are necessary for the attenuation derivation.
the system of microcracks. Studies of elastic wave attenuarhijs derivation is based upon the diagrammatic appré£éh
tion éﬂ cracked mateerials are found in articles by Ml, in which the mean response is governed by the Dyson equa-
Piau? Chatterjeeet al.’ Zhang and Achenbachzhang and  tion. The Dyson equation is then solved for the longitudinal
Gross/ and Smyshlyaev and Will&for example. This pre- and transverse attenuations within the limits of the first-order
vious research has primarily been focused on specific Waveymoothing approximatioiFOSA?° or Keller* approxima-
crack interactions, rather than a more general descriptioRjon. The attenuations are shown to scale linearly with the
More general, tensor-based, studies of elastic wave attenugamage parameter at low values. Finally, example numerical

tion are mostly limited to polycrystalline media*® results are presented and discussed.
In the present article, a generalized tensor-based ap-

proach is used to examine the attenuation of elastic waves in

an isotropic, homogeneous medium with embedded microd!- EFFECTIVE ELASTIC PROPERTIES OF A

racks. Here, the microcracks are assumed to be noninteradt/ \MAGED ELASTIC SOLID

Methods which make use of estimating the effective

aAuthor to whom correspondence should be addressed. Electronic maiftlastic properties of the statistically homogeneous elastic sol-

jaturner@unl.edu ids which contain a large number of microcracks are inves-
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tigated by Nemat-Nasser and HfiKachanovet al.}” and  coordinate system, the notation is used. Thus, the com-
others. The first step in determining the effective propertiepliance attributed to the presence of a single penny-shaped
of the damaged elastic solid involves consideration of aactive crack in a representative voluides then
single penny-shaped crack, which is located within an infi- P

T© = M = ——dL
St = f fﬁ ™M 9T &amd

nite, homogeneous, isotropic and elastic continuum. In ac- da.
SubstitutingK ,, into Eq. (8) and integrating gives the com-

()

cordance with linear elastic fracture mechanics, the total, lo-
cal and average strese and strainy fields hold for
superpositiorf> The average stress and strain are related by

Yact formt®
y=So, or o=Cy, (1) B 16 1-% 1 ]
where S(JS|2| 3V 2-7% Z_a 32T ijkl Iijkl}- 9
S=S+S, C=C-C*. 2 In the global coordinate system, using a coordinate transfor-

— — mation and assuming the normal stress at the crack surface is
In Egs. (1) and (2), y=(¥(x)) and o=(c(x)) are the en- o the effective compliance attributable to a single, pla-

semble average strain and average stress, respectively. H%rgr penny-shaped crack of radiags written in the simple
SandC are the effective compliance and effective snffness,form

respectively, of the elastic solid which contains the presence
of the cracks. Here5* is defined as the effective compliance
contributed by all cracks within the elastic solid a@d is
defined as the effective stiffness contributed by all cracks
within the elastic solid. It should be noted that*) ! The compliance of a single crack is dependent on the unit

#S*. The tensorsS andC are the compliance and stiffness, normaln, which defines the crack orientation. This orienta-
respectively, of the pristine material. tion is implicit in the tensord®,1®. These tensors and other

The components of the effective compliance terSor ~ N€cessary basis tensors are given in terms of the unit normal

can be estimated from the contribution by the microcracksVectorn and Kronecker deltas) as”
The contributions are calculated by the complementary strain |1

energy in terms of the path independent integral of fracture fik =
mechanics. The strain energy is expressed as

a
Yt = f gda,

° If it is assumed that the damaged medium is statistically
wherey* is the Gibbs’ energy and is the crack radius. The homogeneous and statistically isotropic, the effective com-
factorQ in the integrand is written as the line integral of the pliance attributable to a single crack is approximately the
J integral (energy release rat@long the crack perimetdr,  inverse of the effective stiffness. It is convenient to derive
the attenuation in terms of the effective stiffness attributable
to a penny-shaped crack. The compliance tensor of the pris-
tine, undamaged elastic matrix is
The energy release rafleis expressed in terms of the stress
intensity factorK,, (m=1,11,11l) corresponding to the three sﬂkl :2—<|
fundamental crack modes as

161-v 1

S'|(j512|_3v -, —a {lejkl

Vliﬁjkl}- (10

=3 (5w + 81 8jk), ||]k| Sij ki »

Iljkl Sijnny, ||]kl nin; &y , IIJkl nin;neng, (1)

_ 1
1510 = 7 (NiNgSy) -+ 0y 80y 8+ 1y ).

3

Q= E#LaJdL. 4

14
iljkl__1+vli2jkl)' (12

Then the effective compliance expression for a simple crack

1- 1
J= —(K + K,,)+ Kﬁ,, (5)  in a matrix can be written

6

where v and u are the Poisson’s ratio and shear modulus, S(s)+SO_ 1 E el (13)
respectively, of the surrounding material. Thus, the final 2uist
Gibbs’ energy is derived in compact form as . .
in which
a J—
¢*=J fﬁ MmKmKndL|da. (6) v
0 e]_:l, ezz_m, e3:e4:O,
The tensoM is given b 14
gren by 321-v 16 v(1-v) 49
_ 1 €5= —as, €=— 5 —(H5_
anzﬂ[(l_v)‘smn_" VSmit Onint 1 (7) 3 2= 3 2=

where 6,,,, is the Kronecker delta, and the subscnipglso

To calculate the stiffness tensor, the other irreducible tensor
basisJ (J',i=1,2,...5,6) is used® These basis tensors may

represents the three fundamental cracks modes 1, Il, or lil. pe formed from the tensofisusing a linear transformation.
The components of the compliance tensor are related tghe effective compliance tensor expressed in terms oflthe

the Gibbs’ energy througB), = 92y* / 95 75y (in the local
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=

where
¢ 2—v 8 1 3
1= er (1-v)a,
f Y 1-v)a®
221+ T3V
(o 3v (= v
7 2(1+w) Y 2(1+w)’
161—v 3
f5—1+§2_ a f6:1

The effective stiffness tensor may also be expanded in

similar way as
6
é:éilZZ/,LE biJi,
=1

where the scalar coefficients are related to the scalar co-

(19

(16)

17

(18

efficientsf;,
1 1
{bl,bZ,b3,b4,b5,b6} =A fl,_ fz,— f3,— f4‘f5_A’ fe_A )
with
A t=f2— 3§24+,

(19

16 v(1—v) 3
C3:C4:_? 1—2p as, (22)
. 321-v _161/(1—1/) 3
=73, T3 oo,

The single crack stiffness reduces the stiffness of the pristine,
undamaged elastic matrix with stiffne€8=2u(1*+ [v/(1
—v)]12). Thus, the effective stiffness of the crack in a unit
volume and matrix is

6

cO=c0—C=2u, dl, (23)
i=1
where the coefficientd; are
d.=0. do= 16 v2(1— V)
a $=0 d=g g5,
4o 16 v(1—- V) 24
== 3 15,2 (24
321-v 16 v(1—v)

3 __ =0 3
5=3 2-,% G=— 35—, 2

To estimate the ensemble average properties, an infi-
nitely extended, homogeneous, isotropic and elastic three-
dimensional continuum is considered. The medium is as-
sumed to contain a large number of microcracks which do
not interact with each other. The effective compliance or
stiffness may be determined by the superposition of the con-
tributions of individual microcracks. In the case of a large

If the penny-shaped crack volume is much smaller than theumber of microcracks, the summation can be replaced by
representative volume, the higher order terms in the coeffian integration over a continuous distribution of crack sizes
cients may be neglected. This truncation is used to simplifyand orientations. The penny-shaped crack is characterized by
the form of the derivation that follows and places some lim-its radiusa and two Euler angle® and ¢ that define the

its on the resulting attenuations. In this case, the correspon@rientation of the unit normai. The specific distribution of

ing coefficients are
2—v 8 (1—v)(—3v°+2v— 1)

bi=21=2,) "3 (1—21)2 a,

v 8 (1—v)(—v?>—2v+1) 3

by=— 2 s,
2(1-2) 3 (1—2)

boe 3v 8 3p(1— V)Z
3T2(1-2v») 3 (1-2»2

b= v 8 v(1- V)2
4T2(1-2v) 3(1-2»2%"
b1 161-v b1
5717 32—, DT

(20

the crack radii and orientations is expressed by the probabil-
ity density functionW(a, #,¢). In some situations, the mi-
crocrack radii and orientations may be correlated. The den-
sity function is then replaced by the probability density
functionP(a, 8, ¢)=P%(6,9)P3(al 8,¢). Here, however, it

is assumed that the microcrack radii and orientations are not
correlated. In this case, the density function is expressed as

W(a,b,¢)=A(a){(0,¢). (25

The effective continuum properties per unit volume are ex-
pressed in terms of an ensemble average utilizing the density
function in Egs.(25) and(23) such that

Cla=4x J f Cii{(6.p)docosede.  (26)

Again the effective stiffness is represented in terms of the sitn Eq. (26), the nondimensional microcrack density per unit

fourth order tensors,
6

éZZME Cili,
=1
where the coefficients; are

v 16 v2(1—v) 3
- = a
1-v 3 (1-2v)2°"

Clzl, C2:
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(21)

volume is defined by

e=N(a%)= f:f A(a)a’da, (27

whereN is number of cracks per unit volume and the angular
brackets represent the ensemble average. This damage factor
was introduced by Walgh for the case of an isotropic dis-
tribution of the penny-shaped microcracks. A more general
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form of the damage factor in terms of elliptical microcracks These results are identical with the results obtained by

is given by Budiansky and O’Connéf, Krajcinovic® Kachanov etal,?® Budiansky and
oN /T2 O’Connell?® and Zimmermarni! The effective properties of

e= _<_> (29) the damaged material are shown by E@S) to be linearly
T\ P related to the damage parameter Thus, wave speed

whereTl” andP are the crack surface area and the perimetthangeS that are the result of damage will scale linearly with

length, respectively. e as well. _ _ .

The simplest model of the microcrack distribution is as- 1€ fluctuations, which are defined here to have zero
sumed when their orientations are random. In this case, thaverage{sC)=0, are given by
normal to the microcrack plane takes every direction with — . s
equal probability, such that the effective compliance or stiff- 8Cij1a ()= Cfj ~ CliaH (). (37)
ness tensor attributable to the presence of microcracks is isdhe functionH(x) is defined as
tropic. In this case, the density function in E@5) is given 1 if xeS,

b =
Y H(X) 0 otherwise,
{(0,0)=1. (29

The effective stiffness attributable to the presencéNadic-
tive microcracks per unit volume is then derived from EqQ.|||. ENSEMBLE AVERAGE RESPONSE
(26),

(39

whereS is the spatial volume occupied by a crack.

The propagation and scattering of elastic waves in het-
N L c© erogeneous media is presented in this section in terms of the
iikl_EJ’O Jfﬁ/z ijki (0, @)cosedbde, (30 pyson equation. Such an approach has been discussed by
Frisctf® and used by other$:™® This section is primarily
where theC3), is expressed in Eq23). By integrating the included for completeness. The equation of motion for the
expression in Eq(30), the effective stiffness due to an iso- elastodynamic response of a linear, elastic solid to deforma-
tropic distribution of penny shaped microcracks is derived asion is given in terms of the Green’s dyadic by

161—v

x 2M8{2(5—u)|}jk|

_0 {_5jkP(X)f7t2+axiajm(x)ﬁXl}Gka(X,X';t)
K452

= 5j,03(x—x")8(1), (39

2_

n V(”l—wtzlg))hzkl). 31) whered®(x—x') is the three-dimensional spatial Dirac delta
(1-2v) . function. The second order Green’s dyads,,(x,x’;t), is

In addition, the stiffness tensor of the homogeneous, isotrod€fined as the displacement response at locationthe kth

pic and elastic solids in its pristine, undamaged state is ~ direction due to an unit impulsive force acting at position
in the ath direction at time zero. The moduli are considered
Cﬂk|=)\|i2,-k|+2,uli1jk|. (32 to vary spatiglly W_hereas the density is assume_d _uniform
Here, the ensemble average stiffness is redefined su tnrougihout with units chosen such that the_ density is unity
! (x)=1]. The effective fourth-rank stiffness tensor
that the average fluctuations are zero. Such a procedurg; o , )
while not necessary, is convenient for the calculation of ma“iiki(¥) 1 given in Eq.(33). It |s_oassumed that the fluctua-
terial covariance and attenuation. The moduli are assumed #Pns are small, such thaiC<C". The covariance of the

be spatially varying and of the form moduli is characterized by an eighth rank tensor
ajkl(X):Eit}liFéEijkl(X), (33 (6Cijk|(x)5Ca575(y)>=Eﬁﬁ"sn(|x—y|). (40
The spatial and tensorial parts of the covarianggnd =,
where respectively, are assumed independent. Alsis, assumed to
CO =0 —C* . (34) be a function of the magnitude of the difference between two
ikl gk =ik vectors,|x—y|, rather tharx andy separately. This assump-
Thus, the moduli have the form of the average moduli tion implies that the medium is statistically homogeneous
— — —, . and statistically isotropic.
Cijia=(Cijia (X)) =Nlijia + 2l (39 The spatio-temporal Fourier transform pair for the func-

plus the fluctuation about the mea;,, . Hence C;j has 110N f(x.t) andf(p,w) is defined as

the average value d?iojk, and 6C;jj,, represents the modulus ~ too (4o ot o ixpy3
fluctuation. The effective constants are f(p,w)= fﬁw fﬁw f(x,t)e'’e”"Pd>xdt,
—_ [, 320-n(5-v) 1 (e (e o (41)
HoR="a5 2= °) f(x,t)=(27)4f7w Lcf(p,w)e*'wte'X'Pd3pdw.
(36)
o 1_E(1_V)(V2_16V+19)8 These definitions allow Eq(39) to be temporally trans-
45  (2—v)(1-2v) ' formed in the following form:
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{w25jk+6iojk| 310+ 3 6C;j1 (X) 01} Gy X, X' ; @)
=8, (Xx—X"). (42

The mean response is governed by the Dyson eqdétibn

(G100 ) =G0 )+ | [ Gy M(y.2

X(Gj(z,x"))d3ydz. (43)

The approximation is valid if the fluctuations are not too
large. The spatial Fourier transform defined in E4¢) al-
lows the transform of the self-energy to be written as a con-
volution

¥4 (p)= f PG (PapiSSELH(D-9). (49

The spatial transform of the self-energy and the mean
Green’s dyadic have the same form as the bare Green’s dy-

The notationG?, (x,x’) is the bare Green’s dyadic defined as adic. Hence, one may write

the ensemble average response of the medwithout fluc-

tuationg, namely, the solution to Eq42) when 5C;jy (x)
=0. The second order tensdt is the masgself-energy

operator. Equatior43) is easily solved in the Fourier trans-

M (p)=ppm_(p)+(1—Ppp)m(p),

form domain under the assumption of statistical homogeneWhere

ity. The spatial Fourier transform pair f@?° is first defined
as

1
Gioa(p)b\g(P—QFWf f GP(%,X")

X @~ IPxglax’ g3y o3|

1 (44)

G?a(x,x’)=(2m3f f Gia(P)5°(p—0)

x e'P*e~19% 43p g3y,

The bare Green’s dyadi§®, is the solution of Eq(42) with
the modulus fluctuation equal to zero. Hence,

G%(p)=ppal(p)+(1-pp)g(p), (45)

for propagation in thep direction. The bare longitudinal
wave gE(p) and transverse Wav@$(p) propagators are de-

noted

gb(p)=[w*—p’cf] Y,
g2p)=[w?~p2c3] “9

where thec, andcy are the average longitudinal and trans-
verse wave speeds, respectively. The Fourier transforms
which define(G(p)) and M(p) are given by expressions
similar to those defining°(p). The assumption of statistical
homogeneity ensures that they are functions of a single wa
vector in Fourier space. The Dyson equation is then tran

formed and solved to give

(G(p))=[G°(p) " *-M(p)] 2. (47)

S-

- o . (50)
(G(p))y=ppgL(p)+(I—PpP)gr(p),
mi(p)=— [ oPs 2= (ol
+(1-)0%9VH(p—9),
(51)
1 A .
()= [ s(1-D) 8= fiols
+(1-90%9}7(p—9)
and
gL (p)=[w?—p?ci+m (p)]
(52

gr(p)=[w’—p’ci+m(p)] %
These are the expressions for the mean response. They define
the phase velocity and the attenuation of longitudinal and
transverse wave types. The inverse Fourier transform of
(G(p)) in Eq. (50) is dominated by the poles neap|
=wlcg with B=L or T. Thus, the effective wave vectors,
are the solution to the required conditions

w?=pe+m (p)=0 (53
and
w?—p?c2+mp(p)=0. (54)

The real and imaginary parts pfgive the phase velocity and

V%ttenuation, respectively. Equatiof3) and(54) are usually

solved numerically using root finding techniques. The solu-
tion for the attenuation can be calculated by making use of
an approximation valid below the high frequency geometric
optics limit. In this case, the solutiong, are approximated
as equal to the bare solution. Such an approximati(p)

Here M(p) is the spatial transform of the self-energy. The ~m(wp/c;) is sometimes called a Born approximation. In
self-energy, in turn, can be written as an expansion in powergssence, the phase velocity is supposed to remain unchanged

of material property fluctuations. An approximation Mf is

by the heterogeneities. Under this approximation the imagi-

made to first order using the first term in such annpary part can be evaluated from Ed§3) and (54). The

expansiorf>?! To this level of approximationM is ex-
pressed a3

MBJ(y!Z)
0 I 4 0 d
~ E5Caﬁy5(y)0—%9yk(y,z)a—Zi5Cijk|(Z)&—Zl .
(48)
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attenuations, which are the imaginary part for each wave
type, are calculated as

1
ag(p)=— Z—Immﬂ(ﬂb). (55)
wC.B CE

The imaginary parts ofmg (where =L or T) are deter-
mined from Eqgs(51) such that the attenuations are given by
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c. cfcf
f pps S @
=9 ET| b
4ocy ) PP ) cL
w (1)5
—8 |5 5d%

J 5 pS ) o\ o° 5
a =— [—5)5 Enl p——5—|—F==ds
T(p) cL ( p)p§ 7 pCT cL CEC-Zl—
+—f (1-5 =
Cr
Aw w w5 9a
7| p— =8| d%
cr cr/ch

where the integrals are over the unit sphéréfhree addi-
tional functions are defined as

w
7L ps) p__ CL),
0 w
amit 0ps) :77( ﬁC_T - éC_T) ) (56)
|0 | w
Nt Ops) = 71L(0p) =7 pC_L - Sa) )

where the directiorp defines the propagation directiog,

defines the scattered direction, afg is the angle between

these directiongi.e., cosf,s=p-3).
IV. ATTENUATIONS AND COVARIANCE

tensorial part of the covariance over all orientations of crack
normal is defined by

|7 e

Here, we use the relatiofH(x)H(y))=¢&Pr(r|0), where
Pr(r|0)=(1—¢)n(r)+e is defined as the conditional
probability?® The notatiorr is used to denote the magnitude
of the difference between two vectors,andy. Here, the
second order terms are neglected under the assumption that
the damage density is small. ThusiCi;y (X) 5C,5,4(Y))

=aByo_

Eijl QB75COS(pd(pd 0. (59

=en(r)EifY°. Itis noted that
6
CO=2u> dil', (60)
=1
with
0 a_16v2(1—u) a_321—V
1= 2Ty 1—2p)? ST 32—
(61)
— __161/(1—1/) - 16 v(1—v)
37T 3 1200 8 32—y

Using the identities in Eq958), the general form oE is
given in terms of Kronecker deltas. The expressions for the
attenuations, in turn, involve certain inner product&ofvith
incoming and outgoing wave vectors. In terms of the angle
betweenp and§, these necessary inner products reduce to

E:::::AAA—[T1+4T4+ AT, +[4T,+4T,
+32T5+ 16T+ 16T;]COS s

To derive the attenuations, the relevant inner products on

the covariance of the effective moduli fluctuations are re-

quired. The covariance of the moduli fluctuations is repre-

sented by an eighth-rank tensor which is given in Edf).
The inner product is given explicitly by

;—w--ﬂﬁ”&?_ @ Aaaaa A A
= -apsv :’ufly u,BukpapISiSSUij .

(57)

The covariance here is given in terms of an average over all

crack orientations. Thus, the crack nornmaimay vary over

all possible directions. In this case, the following identities

are needed:
(ninj)= 34,
(ninjnn)y = 15 (8ij S+ ik i1 + 8 i)

(58)

(ninjnnin,Ng) = 155 (8 81 8,5+ all permutations
—15 terms in all,
(MiNNINGNEN,N5) = 575( 81 Ba Sapdys

+all permutations

—105 terms in all,

+[4T3+16Ts+4T;]cos 6,5,
PPy _ 2P
SppSs, T popS
=[Ty+2T7]+[4Ts+4T+4T;]cos b,
e PPSS _ i+ P3bSS
PSSy T PgpS
:[T4+4T5+4T6+6T7]
+[4T3+16Tg+4T7]coS 6,
—[4T3+16Tg+4T;]cos 6,5,
= "‘32‘3?2 [Te+2T7]+[T3+3Tg+2T;]cog 6,
B =[Ta+4Te+4Ty]

+[—4T3—16Ts—4T;]cos 0,

+[4T3+ 16T +4T7]cos 6,6,

where the brackets; ), denote the ensemble average. All :~~~§>2;§§§3:_ PSS, _ —[Te+2T],
averages of odd numbers 0% are zero. The average of the = = 6 !

* - PoPsSS3 -P3PSS, (62)
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FIG. 1. Geometry for scattering in the local coordinate system.

= P2PSSy_ P3PSy
T pgpssy =. - P,PSS,
=[—=T3—2Tg]cosb,s
+[2T3+4Tg]cos 6,
e PPy _ P3P,
Tpgpss, T poPSS
= —3T(C0SOps+[4Tg+2T7]COS O,
g P PP PSP
R o IR s ST ST o
TpgpSS, T pgPsS;  Teeeopopssy; T pgPSSy
:pﬁ%g (=2 pzﬁAS%::w ﬁBﬁgsz:v ﬁﬁészz
TP, T pgPS T pP® - ppsS
The coefficientsT; are given by
. D2»? 3350%—1984,°%+2946,°— 208, — 937
17 945 (1—2v)2 :
T D%y 31131392+ v+243
274725 1-2v ’
_ D%A(1-2v)?
[ 945 ’
2
2 _
Ta= 5 45(1 2v)%(v>—18v+63), (63
D2y2
= 2_
T, 945 (3L°—166v+217),
2
Tg= 1890(1 2v)(140°— 79+ 117),
2
2
Te= 420(1 2v)%(7—4v),

with the constantD =

reader may contact the authors for further details.
Using the notation
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A@-v)I(2—v)(1—2v)]2u. The
unit vectorsp, p,, p; ands, §,, 5 used in Egs(62) are
defined as orthonormal triads, respectividge Fig. 1L The
general compact form & is not given here. The interested

F( aps) =g ﬁgi’ (64)
R e T
s+ PPSSy - Popss +P3pss
(65)
PPy PaSy e PoPS
N(aps)_‘—'....pzﬁgz+—‘....ﬁ3ﬁ§3+ -+ PoPSS;
:' pSpSZ
+2 PSS, (66)
allows the attenuations to be reduced to the form
1 7Tw48 25
aLL—4 77 (eps)F(eps)d
1 Mot (+1
__—f 7-“(9)F(6)d cosd,
2 C,_ -1
1 mw’e
_ LT 23
aLT_Zﬁf 7 (Opg)M (0,5 d"S
1_77 f“ LT(9)M(6)d cosd
cos¥,
2 |, 7TOM©)
Leo2 (67)
aTLTo C_|_ aLT,
1 Tw’e
aTTTg T 8 fﬂTT(eps)N(aps)dzs
T

1 s (+1
= TT(H)N(6)d cosb.

4 CT
The total attenuations for the longitudinal and transverse
waves are given by

(68)

The appropriate expressions for the tensorial part of the co-
variance, Eqs(62), and the final expressions for attenua-
tions, Egs(67) and(68), are the main results of this section.
The attenuations are expressed as integrations on the unit
circle in terms of the spatial transform of the spatial correla-
tion function. Most importantly, the results are expressed in
terms of the damage density We see that the attenuations
scale linearly with damage facter. In the next section, a
form for 7 is assumed and example results presented.

a =a tar, ar=aprtarg.

V. EXAMPLE RESULTS

In this section, example results are presented in terms of
the dimensionless damage parametdor an assumed spa-
tial correlation function. For the example case, the material
properties of the uncracked medium used are Young's modu-
lus E=2.0x 10" Pa and Poisson’s ratio=0.16.

As discussed following Eq40), the tensorial and spa-
tial contributions of the material covariance are assumed in-
dependent. The spatial correlations were characterizegl by
Here it is assumed thaj has an exponential form

n(r)=e ", (69)
whereL is the spatial correlation length,=2(a). As dis-
cussed by Stank® an exponential function describes the
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correlation of continuous and discrete materials reasonably 10*
well. Such a model, with a single length scale, is perhaps
oversimplified for materials containing a wide range of crack
sizes. However, for many materials, such a model is ex- _
pected to described the statistics of the material properties% .
well. Other correlation functions, such as that discussed by "
Markov and Willis?® are thought to give similar results for "
the frequency range considered here. The influence of thisg 10*
choice of correlation function on the attenuations is the sub-Z

10°

SOl

==
ject of future investigations. 5;104
In transform space §
=
L® % 10*
7pP)= 75757 70
7(p) 72(1+L2p2)2 (70
With the length scale of the spatial correlation introduced, 104:0.1 o e o'
dimensionless longitudinal and transverse frequencies are Dimensionless Frequency, x

defined ax, = wL/c, andxy=wlL/cy. The transform of the
difference between two wave vectors is then expressed as FIG. 2. Dimensionless longitudinal and transverse attenuatigrs,(solid)
and a7H (dashed as a function of dimensionless frequenxy, for dam-
L3 age factors =0.01 ande =0.05.
(71

7ap(X) = AL+ X5+X5— 2X,Xgx) %

Here the scripts, 8 denote the wave typels or T, and  With the square of frequency. However, it should be noted

X= Cosaps_ In dimensionless form' the attenuations in Eqsthat the results at h|gher frequenCieS are less accurate than

(67) simplify to those at lower frequencies. This inaccuracy is the result of

the truncation of the expansion in Eq20). The longitudinal

dy (72) attenuation is smaller than the transverse attenuation in part
' due to the wavelengths of the respective waves. However,

when the attenuations are plotted in terms of their respective

o H: XﬁB48 J""l hl+ h2X2+ h3X4
U 2u® i1+ 2x((1-x))?

Xie f+1 my + Moy 2+ mgx*

a H= , 2 dy (73) dimensionless frequency, t.he .transverse attenuations re-
2Bu® ) o1 (L+XF+x5—2x xx)2 " mained larger than the longitudinal. Thus, the higher trans-
4 . 5 4 verse attennation is a combination of effe_cts _of Wavelength
aeH X7€ f* Ny +Nox"+Ngy (74) and interaction with the cracks. As shown in Fig. 2, the ratio
T 202 ) (123 (1—x))2 X of the longitudinal and transverse attenuations is a constant

whereB=c+/c, is the wave speed ratio. The coefficients at !OW frequencies, but changes at h|gtle_rﬁeqﬂen0|es. Figure
hi, m, n (i=1,2,3) are given as 3is a plot_of the wave speed ratB®*=C+/C, and C
=(C;/Cy)/(C_IC)), as a function of damage facter As has

hi=T{+4T,+4T,, been observed experimentally, the wave speed changes much
hy=4T,+4T,+ 32Ts+ 16T+ 16T, (75) less than the attenuation for a given damage 1&/@hus,

the result shown in Fig. 3 is not unexpected.
hy=4T;+16Tg+4T7,

m1:2T4+4T5+ 4T6+ 8T7, 1.1

m2:4T3+4T5+20-|—6+8T7, (76) LO5| -——______.-—-"-’-—:
Mg=—4T;—16Tg— 4T, . T I
< 095f §
n1=T3+7T6+10T7, é
© o9 J
n2:_3T3_13T6_2T7, (77) gogs_ |
Ny=4T3+16Tg+4T5. m el
Example calculations using Eq§.2)—(74) are shown in % 075k
Fig. 2. The dimensionless longitudinal and transverse attenu-j%
ations,a H anda+H, respectively, are plotted as a function § *[
of dimensionless frequency, , for two values of the dam- ® oest
age parametee. Equations(72)—(74) are shown to scale 06 , ‘ , , , ,
linearly with & such that other values af lead to constant 0 0.05 0.1 015 02 0.25 03 035

Damage Factor, €

shifts in these curves. The attenuations increase with the

fourth power of frequency in tne low frequency_limit as €X- FiG. 3. Wave speed rati@®=C,/C, and C=(Cy/Cy)/(C_/C,), as a
pected. After a transition region, the attenuations increastinction of damage factos.
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VI. DISCUSSION A. Chatterjee, A. K. Mal, L. Knopoff, and J. Hudson, “Attenuation of

Elastic Waves in a Cracked, Fluid-Saturated Solid,” Math. Proc. Cam-
The propagation and scattering of elastic waves in a ho- pigge philos. Soc88, 547-561(1980).

mogeneous, isotropic medium with damage from microc-7c. zhang and D. Gross, “Wave Attenuation and Dispersion in Randomly
racking has been investigated. A generalized tensor-based apCracked Solids-II. Penny-Shaped Cracks,” Int. J. Eng. S&j.859-872
roach was used such that the results are coordinate free. ThEH93-
pﬁ . i iff . fthe d Qv P. Smyshlyaev and J. R. Willis, “Linear and Nonlinear Scattering of
effective compliance or stiifness in terms of the damage pa- Elastic Waves by Microcracks,” J. Mech. Phys. Solid& 585-610
rameter was discussed. Initially, effective compliance due to (1994.
a single penny-shaped crack embedded in an infinite elasti¢S. Hirsekorn, “The scattering of ultrasonic waves by polycrystals,” J.
solids was examined. The effective properties of a homog; Acoust: Soc. Am72 1021-1031(1982.
tropic solid in which a larae number of microc- S. Hirsekorn, “The scattering of ultrasonic waves by polycrystals. II.
enous, isotrop 9 Shear waves,” J. Acoust. Soc. A3, 1160-11631983.
racks is embedded were then determined by superpositiofe, . Stanke and G. S. Kino, “A unified theory for elastic wave propaga-
The modulus fluctuations were then derived relative to thesetion in polycrystalline materials,” J. Acoust. Soc. AnT5, 665-681
average moduli. The ensemble average covariance of thgggf“’w Diffusion of Ui 4 in Polvervetals.” 3. Mech. Ph
modulus fluctuations was then derived for randomly oriented Sohdssga;gr 86('1;3'8” of Llirasound i Folycrysials,” J. Mech. Fhys.
cracks. The expressions for the longitudinal and transverse; a. Turner, “Elastic wave propagation and scattering in heterogeneous,
attenuations were derived by considering the Dyson equa-anisotropic media: Textured polycrystalline materials,” J. Acoust. Soc.
tion, which governs the mean elastodynamic response of theAm. 108 541-552(1999.
medium. The Dyson equation was solved within the limits of J;, -émaitre,A Course on Damage Mechani¢Springer-Verlag, Berlin,
first-order SmOOthing. approximatimeOSA). The final 15D, Krajcinovic, Damage MechanicéNorth-Holland, Amsterdam, 1996
forms of the attenuations have a linear dependency on th€s. Nemat-Nasser and M. HorMicromechanics: Overall Properties of
damage parameter, which is expected to be valid for low_Heterogeneous MaterialdNorth-Holland, Amsterdam, 1993
crack densities. The use of the tensor-based approach prexdeaACphSn&VeCEIggng 5890h22 g(vlutggl\:;any Cracks and Related Problems,
Se.nted_ here for studying elastic Wav'e Scatte”ng_ in medlaisZ Hashin and S. Shtrikman, “A Variational Approach to the Theory of the
with microcracks allowed the attenuation expressions to be Elastic Behavior of the Multiphase Materials,” J. Mech. Phys. Solitls
reduced to simple forms. These results should be very useful127 140(1963.
for nondestructive testing and materials characterization re-L: V- Gibiansky and S. Torquato, “Link Between the Conductivity and
Elastic Moduli of Composite Materials,” Phys. Rev. Lettl, 2927-2930
search. In particular, the study of wave interactions with (1993,
aligned cracks, whose evolution is modeled using a damageu. Frisch, “Wave Propagation in Random Media,” Rrobabilistic Meth-
tensor, will be much more direct. This topic will be exam- ods in Applied Mathematicedited by A. T. Barucha-Rei¢Academic,
ined in the future. The general formulation also is convenient, New York, 1968, Vol. 1, pp. 75-198.
F. C. Karal and J. B. Keller, “Elastic, electromagnetic, and other waves in
for considering other problems such as studies of backscatter,

arandom medium,” J. Math. Phy5, 537-547(1964).
and multiple scattering phenomena. 22y, Lubarda and D. Krajcinovic, “Tensorial Representations of the Effec-

tive Elastic Properties of the Damaged Material,” Int. J. Damage M&ch.
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