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Abstract
Dynamic modes of atomic-force microscopy offer new possibilities for
imaging because of the availability of the various vibrational modes of the
probes. However, each mode has a different sensitivity to variations in
surface stiffness. This sensitivity directly controls the image contrast.
Low-stiffness cantilevers have typically been unusable for imaging of stiff
materials because of the lack of sensitivity of the first flexural mode. In this
paper, the sensitivities of the flexural and torsional modes are derived.
Closed-form expressions are obtained for cantilevers with constant cross
sections. For cantilevers with other shapes, an approximate solution is
developed using the method of Rayleigh–Ritz. The interaction of the
cantilever with the surface is modelled by linear springs, which restricts the
results to experiments involving low-amplitude excitations. Both flexural
and torsional vibration modes are considered. For given nominal values of
surface and AFM probe properties, the appropriate mode for highest
contrast may be predicted.

1. Introduction

The atomic force microscope (AFM) was originally developed
to provide surface topography information [1]. The deflection
of the microscope cantilever plotted as a function of
surface location gives a high-resolution image of surfaces.
Recent applications of the AFM have exploited the dynamic
characteristics of the AFM. Many versions of dynamic
atomic force microscopy have been proposed for imaging
specimens [2–6]. All of these methods rely on the relative
motion between the AFM tip and the specimen surface. This
work has shown that high-frequency excitation of the specimen
surface or AFM cantilever can provide a better signal-to-noise
ratio for imaging while doing less damage to the specimen
surface. These techniques also offer the potential for high-
resolution measurement of material properties and surface
properties [2, 3, 7, 8]. These techniques utilize the dynamical
response of the cantilever, specifically in terms of the higher-
order vibrational modes. The dynamical response of an elastic
cantilevered beam in contact with a surface, however, is not

easily described. The tip–sample interaction forces are, in
general, nonlinear and are the subject of intensive research
themselves. When an elastic beam interacts with these surface
forces, the many flexural and torsional modes must be included
as part of the complete dynamics. These higher modes are
often excited simultaneously in experiments. In much of
the current research, the amplitude of the surface motion
is kept small. In this case, the motion may be studied by
linearizing the nonlinear tip–sample interaction forces about
an equilibrium point. The linearized motion is much easier to
analyse, although it does not describe all possible cantilever
motion. If the motion is very large, the nonlinear motion may
be chaotic [9].

It was recently shown that the surface interactions acting
through the cantilever tip affect each of the vibration modes
differently [10, 11]. The effects of the surface stiffness and
damping act locally at the position on the beam at which the
tip is attached. Because each mode has a different mode shape,
each mode is affected by the local surface loading in a different
way. Each mode was also seen to have a different sensitivity
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Figure 1. Schematic diagram of the flexural vibration problem. The AFM probe is in contact with a specimen. Initial contact is made when
the sample offset, z0, is zero. The static sample offset causes a static beam deflection, y(x). The dynamic motion, w(x, t), is defined relative
to y(x). The contact force between the tip and sample is modelled as a linear spring with stiffness κn.

to local variations in stiffness or damping [2,10,12]. The most
sensitive modes are those which should be used for imaging
because their response will provide the highest contrast.

In this paper, the linear dynamics of AFM cantilevers are
considered in terms of both flexural and torsional vibrations.
The flexural and torsional models used here are restricted to
beams which are much longer than their width. When this
condition is not satisfied, plate theory is more accurate[13].
Exact expressions for the modal sensitivities are derived
for cantilevers with uniform cross sections. The sensitivity
defines the relative change in the frequency of a mode due
to changes in surface stiffness. An approximate solution
technique is then developed for cantilevers with nonuniform
cross sections. This technique, based on the Rayleigh–
Ritz method, results in an expression for the sensitivities in
terms of the approximate eigenvalue problem (EVP). The
approximate method is validated using the exact expressions
derived for cantilevers with uniform cross sections. Sample
results for triangular cantilevers are also presented using
the derived approximate solution. It is anticipated that the
derived sensitivities, exact and approximate, will improve the
understanding of image contrast and materials characterization
in AFM research.

2. Flexural vibrations

The primary type of cantilever deflection for most AFM studies
is flexural. If the sample surface is vibrated normal to the
surface, the AFM probe will vibrate flexurally. The flexural
AFM modes have been studied extensively since it was first
recognized that the AFM behaves as a continuous member
with appropriate modes [14].

2.1. Linear theoretical model

A uniform, homogenous beam of constant, rectangular cross
section is cantilevered at one end as depicted in figure 1. At
the end opposite to the cantilever, a tip with a small radius
is attached. The linearized boundary value problem for this
system has a governing equation and boundary conditions
given by [10, 13]

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
= 0, (1)

w(x, t)|x=0 = 0, w′(x, t)|x=0 = 0, (2)

w′′(x, t)|x=L = 0, EIw′′′(x, t)|x=L = κnw(x, t)|x=L.

(3)
In equations (1)–(3), w(x, t) defines the cantilever

position relative to its initial static deflection, y(x). The AFM

cantilever is defined by E, the modulus of the cantilever, I ,
the area moment of the cantilever, ρ, the volume density, and
A, the cross-sectional area of the cantilever. Here, EI and
ρA are assumed uniform over the length of the cantilever.
The boundary conditions given by equation (2) correspond to
conditions of zero displacement and zero slope at x = 0. The
boundary conditions given by equation (3) correspond to zero
moment at x = L and the force balance between the beam
and the linear tip–sample stiffness. Because a linear model is
used to describe the tip–sample interaction force, the results
are restricted to small tip displacements. The actual value of
the linear spring constant, κn, in terms of the tip and sample
parameters depends on the interaction model used. Simple
Hertzian theory [15,16], more complex Maugis mechanics [16]
or other models [17–20] may all be linearized about some
initial equilibrium position to determine this spring constant.

Equations (1)–(3) define completely the linearized flexural
vibration problem. The natural frequencies of the cantilever
vibrations are dependent on the linear spring constant. These
frequencies are found through derivation of the corresponding
eigenvalue problem. We seek harmonic solutions of the form
w(x, t) = W(x)eiωt . Substitution into equations (1)–(3) gives
the EVP in the form of a fourth-order ordinary differential
equation (ODE) and four boundary conditions. The solution
of the eigenvalue problem gives the mode shape [10]

W(x) = D(sin kx − sinh kx − D0(cos kx − cosh kx)), (4)

where k is the flexural wavenumber and

D0 = sin kL + sinh kL

cos kL + cosh kL
. (5)

In equation (4), D defines the amplitude of the mode shape.
The linearized eigenvalue problem does not depend on this
amplitude. The mode shape given by equation (4) has
been written to satisfy directly the boundary conditions of
displacement and slope (equations (2)) and that of zero moment
at x = L (the first of equations (3)).

The characteristic equation defines the wavenumbers
which admit solutions to the problem. The characteristic
equation is found by substituting equation (4) into the boundary
condition involving the linear spring. The characteristic
equation is given by [10, 14]

C(γ, βn) ≡ γ 3(cos γ cosh γ + 1)

−βn(sinh γ cos γ − sin γ cosh γ ) = 0, (6)

where γ = kL is the normalized wavenumber and βn =
kn/(EI/L3) is the normal contact stiffness relative to the
stiffness of the cantilever. Equation (6) is also used to define
the characteristic function C(γ, βn) which will be used below.
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The dispersion relation between wave number and frequency
is found by substituting the mode shape equation (4) into the
EVP. This relation is given by

f 2 = EI

4π2ρAL4
γ 4. (7)

The linear vibration model is appropriate when the
specimen amplitude is kept small while remaining in contact
with the AFM tip. The linear vibrations are used for current
materials characterization studies [2, 3, 7, 8]. It should be
noted that additional factors have been omitted from the above
model. The tip position, tip mass and initial angle of the AFM
cantilever have all been neglected. The inclusion of these
parameters follows in a straightforward manner [11].

2.2. Sensitivity

The characteristic equation given by equation (6) defines the
wavenumbers in terms of βn. Allowable frequencies are
governed by the zeros of the characteristic function, equation
(6). The interest here is in the modes which will change
significantly for small variations of stiffness across the sample.
Thus, we are indirectly interested in the change of γ with
respect to βn. Differentiation of equation (6) with respect to
βn implies that

dγ

dβn
= −∂C/∂βn

∂C/∂γ
. (8)

Equation (6) gives

dγ

dβn
= (cos γ sinh γ − sin γ cosh γ )

×{3γ 2(1 + cos γ cosh γ ) + 2βn sin γ sinh γ

+γ 3(cos γ sinh γ − sin γ cosh γ )}−1. (9)

Equation (9) is the wave number sensitivity to changes in
surface stiffness. Of course, experimentally it is the change
in frequency f that is measured. Further expansion gives

∂f

∂βn
= ∂f

∂γ

dγ

dβn
. (10)

The dispersion relation, equation (7) implies that

∂f

∂γ
= γ

1

π

√
EI

ρAL4
. (11)

Finally, the expression for the shift in frequency due to
surface stiffness changes is

df

dβn
= 1

2π

√
EI

ρAL4
(2γ (cos γ sinh γ − sin γ cosh γ ))

×{3γ 2(1 + cos γ cosh γ )

+γ 3(cos γ sinh γ − sin γ cosh γ )

+2βn(sin γ sinh γ )}−1. (12)

For a given normal stiffness, βn, the frequency equation,
equation (6) is solved for the wavenumbers. The corresponding
sensitivities for each mode may then be calculated using
equation (12).

AFM Beam (cross 
section view) 

φ(x,t)

l 

h AFM tip 

Figure 2. End view of the torsional problem. The AFM probe is in
contact with a specimen. The contact is modelled as a linear lateral
spring with stiffness κl, which acts at the end of the AFM tip. The
dynamic torsional motion is described by the twist angle, φ(x, t).

A dimensionless form of the flexural sensitivity is given
by

σf = df/dβn

1
2π

√
EI

ρAL4

. (13)

This form of the sensitivity may be thought of as the ratio of
the measurement frequency resolution, df/dβn, relative to a

characteristic frequency of the cantilever, 1
2π

√
EI

ρAL4 . Example

results of equation (13) are presented below.

3. Torsional vibrations

A similar sensitivity analysis may also be developed when
considering the torsional modes. In this section, the
sensitivities of the torsional modes to variations in lateral
stiffness are derived for a uniform cross section cantilever. The
schematic diagram in figure 2 shows the boundary condition
assumed at the AFM tip. The contact of the tip with the sample
is modelled with a linear lateral spring.

3.1. Linear theoretical model

Let the parameter φ(x, t) be defined as the twist of the bar,
which is a function of position along the beam x and time t .
The torsional vibrations of a uniform bar are described by [13](

Gξ

ρJ

)
∂2φ(x, t)

∂x2
= ∂2φ(x, t)

∂t2
, (14)

where G is the shear modulus, J is the polar moment of area
and ρ is the mass density. The parameter ξ in equation (14)
is a torsional constant related to the cross-sectional area. For
a rectangular cross section with width b and thickness t , this
constant is given by [21]

ξ = 1

3
t4

(
b

t
− 0.630

)
. (15)

Equation (15) is an approximation based on the assumption
that the cross section is a narrow rectangle with b > t . This
assumption is valid for most AFM cantilevers. The exact
expression for ξ , written as a series solution, is found in
elasticity texts [21].

The required boundary conditions are given by

φ(x = 0, t) = 0, (16)
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Gξ
∂φ(x, t)

∂x

∣∣∣∣
x=L

= −κlh
2φ(L, t), (17)

where h is the tip height as illustrated by figure 2. Equation
(16) is the condition of no rotation at x = 0. Equation (17) is
the moment balance at x = Lwith κl the lateral spring stiffness
which is assumed to be linear. It is related to the sample shear
rigidity [15, 16].

Looking for harmonic solutions of the form φ(x, t) =
$(x)eiωt ,gives the eigenvalue problem. The solution for φ(x)
is given by [13]

$(x) = C1 sinpx, (18)

where the torsional wavenumber p is related to frequency ω

through the dispersion relation

p = ω

√
ρJ

Gξ
. (19)

The second boundary condition, equation (17), gives the
characteristic equation

C(γ, βl) ≡ γ cos γ + βl sin γ = 0, (20)

where γ = pL is the normalized torsional wavenumber. The
parameter βl = κlh

2L/Gξ defines the lateral stiffness of the
surface relative to the torsional rigidity of the beam (Gξ/L).
As was seen in the flexural case, the characteristic equation is
the basis for determining the modal sensitivities.

3.2. Sensitivity

The torsional characteristic function C(γ, βl), defined by
equation (20) defines the torsional wave numbers in terms of
the normalized lateral stiffness. The interest is in the modes
which will change significantly for small variations of lateral
stiffness across the sample. Following the same procedure as
for the flexural modes we find the torsional modal sensitivity

∂f

∂βl
= 1

2π

√
Gξ

ρJL2

sin γ

γ sin γ − (1 + βl) cos γ )
, (21)

or in normalized form

σt = ∂f/∂βl

1
2π

√
Gξ

ρJL2

. (22)

The torsional sensitivity, equation (22), is defined in a similar
manner as the flexural. It is the ratio of the measurement
frequency resolution, df/dβn, relative to a characteristic

frequency of the cantilever, 1
2π

√
Gξ

ρJL2 . Example results of

equation (22) are also presented below.

4. Approximate methods

The above analysis for both the flexural and torsional
sensitivities was done under the assumption of a uniform
cross section. However, many cantilevers commonly used in
AFM research do not have a uniform cross section. For these
cantilevers, the bending stiffness EI , linear mass density ρA,

torsional stiffnessGξ and the polar moment per unit length ρJ
are all functions of position along the cantilever. The V-shaped
cantilever is just one example. In this section, the method of
Rayleigh–Ritz is used to approximate the natural frequencies.
Subsequently, an expression for the modal sensitivities to
surface stiffness is then derived. The the exact solutions
derived above for flexural and torsional vibrations also serve
to validate the approximate methods derived in this section.

The Rayleigh–Ritz method is fundamentally based on
Rayleigh’s quotient [13]. The governing partial differential
equations for the flexural and torsional vibrations have
eigenvalue problems which may be represented by

L[ψr ] = ω2
rM[ψr ], (23)

where L and M are linear operators on eigenfunction ψr with
corresponding frequency ωr. Operator L is of even order (2q)
for flexure and torsion. The eigenfunctions must satisfy all
boundary conditions of the problem. If we multiply both sides
of the eigenvalue problem by ψr and integrate over the domain
) of the system, we obtain

ω2
r =

∫
)
ψrL[ψr ] d)∫

)
ψrM[ψr ] d)

= N [ψr ]

D[ψr ]
, (24)

for r = 1, 2, . . . . Equation (24) defines the numerator
N [ψ] and denominator D[ψ] of Rayleigh’s quotient, R[ψ] =
N [ψ]/D[ψ].

Rayleigh’s quotient forms the basis for the method of
Rayleigh–Ritz. A set of admissible functions u is defined as
being q times differentiable over the domain of the system.
These functions are also required to satisfy the geometric
boundary conditions, but need not satisfy the natural boundary
conditions. The eigenfunctions,ψr , are then expanded in terms
of the admissible functions as

ψr(x) =
r∑

i=1

aiui(x). (25)

The stationarity of Rayleigh’s quotient is then exploited
by attempting to minimize the ratio in equation (24). The
minimization procedure results in a discretized eigenvalue
problem [13]

Ka = λ2Ma, (26)

where a = {a1, a2, . . . , ar}T . This eigenvector has
components which are the coefficients of the expansion,
equation (25), for the rth eigenfunction, ψr (x). The
eigenvalue in equation (26), λ2, is the approximation of the
exact eigenvalue, ω2. The stiffness and mass matrices in
equation (26) are defined in terms of the admissible functions
and operators by

Kij =
∫
)

uiL[uj ] d), (27)

Mij =
∫
)

uiM[uj ] d). (28)

These expressions for the Rayleigh–Ritz method are now
applied to the flexural and torsional problems.
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4.1. Flexural vibrations

The necessary operators for the flexural vibrations of a
nonuniform beam are given by [13]

L[ψ] = ∂2

∂x2

[
EI (x)

∂2ψ(x)

∂x2

]
, (29)

M[ψ] = ρA(x)ψ(x). (30)

In terms of the admissible functions, ui(x), the numerator
of Rayleigh’s quotient for flexure is

N [u] =
∫
)

uL[u] d) =
∫ L

0
u
∂2

∂x2
(EI (x)u′′) dx. (31)

Integrating equation (31) by parts twice gives

N [u] = κnu
2(L) +

∫ L

0
EI (x)(u′′)2 dx. (32)

The denominator reduces to

D[u] =
∫
)

uM[u] d) =
∫ L

0
ρA(x)(u)2 dx. (33)

The components of the mass and stiffness matrices are then
defined as

Kij =
∫ L

0
EI (x)

(
d2ui(x)

dx2

) (
d2uj (x)

dx2

)
dx+κnui(L)uj (L),

(34)

Mij =
∫ L

0
ρA(x)ui(x)uj (x) dx. (35)

These matrices may be normalized for comparison with
the exact results derived in section 2. In this case,

K̃ij = Kij

EI0/L3
=

∫ 1

0

EI (x̃)

EI0

(
d2ui(x̃)

dx̃2

)

×
(

d2uj (x̃)

dx̃2

)
dx̃ + βnui(1)uj (1), (36)

M̃ij = Mij

ρA0L
=

∫ 1

0

ρA(x̃)

ρA0
ui(x̃)uj (x̃) dx̃, (37)

where EI0 and ρA0 are the bending stiffness and mass density
at x = 0, respectively, βn = κn/(EI0/L

3) and x̃ = x/L. Note
that in equation (36), the tip has been assumed to be at the end
of the beam.

In terms of the normalized matrices, K̃ and M̃ , the
eigenvalue problem is given by

K̃a = )2M̃a, (38)

where a is the eigenvector of expansion coefficients and the
normalized frequency is

) = λ√
EI0/ρA0L4

. (39)

The derivative of the eigenvalue problem, equation (38),
is then taken with respect to βn. The result is

∂K̃

∂βn
a+ K̃

∂a

∂βn
= 2)

∂)

∂βn
M̃a+)2 ∂M̃

∂βn
a+)2M̃

∂a

∂βn
. (40)

Equation (40) is then simplified. First, we see that the
mass matrix, M̃ , does not depend explicitly on βn. We then
assume that the change in the eigenvector to small changes in
stiffness is negligible. Equation (40) then simplifies to

∂K̃

∂βn
a = 2)

∂)

∂βn
M̃a. (41)

Finally, we multiply on the left by aT . The normalization
condition

aT M̃a = 1, (42)

is used to simplify the sensitivity to surface stiffness. The final
result is the approximate form of the flexural sensitivity

σf = ∂)

∂βn

= 1

2)
aT

∂K̃

∂βn
a. (43)

This expression for the modal sensitivity relies on information
from the eigenvalue problem, equation (38). For a given
stiffness, βn, the eigenvalues,), and eigenvectors,a, are found
from equation (38). The sensitivity for each mode for the
same stiffness is then found directly using equation (43). The
approximate solution may be compared with the above exact
solution, equation (13). The exact result was derived assuming
a constant cross section. In this case, EI (x̃)/EI0 = 1, and
ρA(x̃)/ρA0 = 1.

4.2. Torsional vibrations

The necessary operators for torsional vibrations of a
nonuniform beam are given by

L[ψ] = ∂

∂x

[
Gξ(x)

∂ψ(x)

∂x

]
, (44)

M[ψ] = ρJ (x)ψ(x). (45)

In terms of the admissible functions, ui(x), the numerator
of Rayleigh’s quotient for torsion reduces to

N [u] = κlh
2u2(L) +

∫ L

0
Gξ(x)(u′)2 dx. (46)

The denominator is given by

D[u] =
∫
)

uM[u] d) =
∫ L

0
ρJ (x)(u)2 dx. (47)

The components of the mass and stiffness matrices are then
defined as

Kij =
∫ L

0
Gξ(x)

(
dui(x)

dx

) (
duj (x)

dx

)
dx+κlh

2ui(L)uj (L),

(48)

Mij =
∫ L

0
ρJ (x)ui(x)uj (x) dx. (49)

These matrices are normalized for comparison with the
exact results. In this case,

K̃ij = Kij

Gξ0/L
=

∫ 1

0

Gξ(x̃)

Gξ0

(
dui(x̃)

dx̃

)

×
(

duj (x̃)

dx̃

)
dx̃ + βlui(1)uj (1), (50)
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Figure 3. Exact and approximate expressions for flexural modal sensitivity, σf , for a cantilever with uniform cross section. The solid curves
are the exact solution (equation (13)) and the symbols are the approximate solution from equation (43). The approximate solution is based
on a ten-term polynomial expansion.
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Figure 4. Exact and approximate expressions for torsional modal sensitivity, σt , for a cantilever with uniform cross section. The solid
curves are the exact solution (equation (22)) and the symbols are the approximate solution from equation (54). The approximate solution is
based on a ten-term polynomial expansion.

M̃ij = Mij

ρJ0L
=

∫ 1

0

ρJ (x̃)

ρJ0
ui(x̃)uj (x̃) dx̃, (51)

where Gξ0 = Gξ(0) and ρJ0 = ρJ (0) are the torsional
stiffness and polar mass moment at x = 0, respectively,
βl = κlh

2L/Gξ0 and x̃ = x/L.
In terms of the normalized matrices, K̃ and M̃ , the

eigenvalue problem is given by

K̃a = )2M̃a, (52)

where a is the eigenvector of expansion coefficients and the
normalized frequency is

) = λ√
Gξ0/ρJ0L2

. (53)

Following the same procedure as for the flexural modes, we
find the approximate torsional modal sensitivity

σt = ∂)

∂βl
= 1

2)
aT

∂K̃

∂βl
a. (54)

5. Results

Several results are now presented based on the exact (equa-
tions (13) and (22)) and approximate results (equations (43)
and (54)) derived above. First, results for cantilevers with uni-
form cross sections are presented using both the exact solution
and the approximate solution. Then, results for a cantilever
with nonuniform cross section are presented.

5.1. Uniform cross section

The flexural sensitivity, σf , of the first five modes is plotted
in figure 3 for the case of a constant cross section beam.
The exact results are shown as the solid curves and the
approximate results are shown as the symbols. The exact
and the approximate flexural sensitivities agree very well.
Several conclusions may be reached from this figure. When
the cantilever is much more compliant than the sample surface,
the first mode is most sensitive to changes in surface stiffness.
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L2 
W 

 

B 

L1

Figure 5. Geometry of the cantilever with nonuniform cross section
used in the example calculations.

The highest value of σf for all modes is found from the limit
of βn → 0 of equation (13). In this limit, the wavenumbers
approach those for the free vibration problem (i.e.γ1 = 1.8751,
γ2 = 4.694, γ3 = 7.854 etc). Thus the maximum sensitivities
for the first three modes are σf = 0.57, 0.091 and 0.032. We
also see the effect of a stiff sample on the sensitivity. When
βn is greater than about 30, the sensitivity of the first mode
becomes smaller than that of the second mode. Thus, we
expect that the second mode will experience the largest shifts
in frequency of all of the modes. At the same time, we see
that the overall sensitivity for all modes has been reduced to
a maximum around 0.1. When the stiffness ratio, βn is about
160, the first mode is less sensitive than modes two through
five. The sensitivity of all modes scales with 1/β2

n for large
βn.

The approximate solution shown in figure 3 requires a
choice of admissible functions, ui(x). These functions must
be sufficiently differentiable over the domain of the system
and they must satisfy the geometric boundary conditions.
Recommended functions include polynomials or the mode
shapes from the exact solution, equation (4). The results shown
in figure 3 are based on admissible functions ui(x̃) = (

x
L

)i+1
.

The number of expansion functions used in equation (25)
must be chosen with care. If too few are used, the
approximation of the natural frequencies is poor. On the
other hand, high-order polynomials may create numerical
instabilities, such that a large number of terms should not be
used. A reasonable compromise has been found to be ten
functions. With this number, the estimate of the first five
frequencies is quite good and numerical instabilities are not
encountered. The results shown in figure 3 were calculated
using a ten-term polynomial expansion. The error between
the two solutions is less than 0.02% for modes 1–4 with the
largest error in the highest mode. The error for mode 5 is less
than 1% for βn < 2(10)3, with a maximum error of 7% for
βn = 104.

From a practical standpoint, figure 3 may be used as
in the following example. Consider an AFM probe with
rectangular cross section (width = 40 µm, thickness = 2 µm,
L = 200 µm). For a given set of cantilever properties
(E = 170 GPa, I = 24.7 × 10−24 m4, ρ = 2330 kg m−3), we

find that 1
2π

√
EI

ρAL4 = 19.6 kHz. If the measurement frequency

resolution is df/dβn = 0.5 kHz, the flexural sensitivity of the

measurement system is σf = 0.026. If this value is plotted on
figure 3 as a horizontal line, the ‘usable’ modes for imaging
stiffness variations are then clear. For this example, only
the first three modes would lie above this line, and only for
βn < 1000.

The torsional modal sensitivity for a cantilever with a
uniform cross section is plotted in figure 4 for the first five
modes. The sensitivity is plotted versus normalized lateral
stiffness withβl ranging from 0.01 to 100. The exact results are
shown as the solid curves, while the approximation is shown by
the symbols. The torsional modal sensitivity has many similar
features to the flexural. The first mode is the most sensitive
for smaller values of βl. In the limit of small βl the maximum
sensitivity for the first mode is 0.5. For stiffer samples, the
sensitivity begins to decrease, finally dropping like 1/βl for
large βl. In contrast with the flexural sensitivity, we see that
the torsional sensitivities are more compact—the sensitivity of
the modes is about the same for βl > 4. The transition region
for the torsional sensitivity occurs at about the same level of
lateral stiffness for all modes.

The approximate solution for torsional vibrations was
calculated using a ten-term polynomial expansion with
polynomials ui(x̃) = (

x
L

)i
. The exact and the approximate

torsional sensitivities agree very well. The two solutions are
virtually identical using the ten-term polynomial expansion.
The error between the two solutions is less than 0.021% for
modes 1–4 with the largest error in the highest mode. The
error for mode 5 is less than 0.65% for the entire range of βn.

5.2. Nonuniform cross section

The approximate solution is also used to examine the flexural
sensitivity for a nonuniform cross section. Consider the
cantilever shown in figure 5 with a triangular plan view and
thickness t . Calculations were done using the approximate
sensitivity formulae of equations (43) and (54). A ten-term
polynomial expansion was used for both the flexural and
torsional sensitivities with the same polynomial functions as
in section 5.1. Values for the geometric properties (L1 =
200 µm, L2 = 145 µm, B = 164 µm, W = 20 µm,
t = 0.6µm) and material properties (E = 179 GPa, ν = 0.28,
ρ = 2330 kg m−3) were chosen to be similar to typical AFM
beams.

The flexural modal sensitivity for this triangular cantilever
is shown in figure 6 for the first five modes. The curves
in this figure are similar to those shown in figure 3 for the
uniform cross section. There are, however, several distinct
differences between the two sets of curves. First, we see that
the sensitivities are not as well separated as in the uniform case.
For example, the sensitivity of the third mode is about 17.5
times smaller than the first for the uniform cantilever. For the
triangular, this same ratio is only about 4.3. Thus, the higher
modes for the triangular cantilever are much more usable than
those of a uniform beam. Because the sensitivities are more
closely spaced, we also see that the value of the surface stiffness
is smaller when the first mode sensitivity is equal to that of the
second. For the uniform beam, this occurs at βn ≈ 30 while
for the triangular it occurs at βn ≈ 12. Another difference
between the triangular and uniform cantilever is the value of
stiffness at which the sensitivity begins the steep decent. For
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W = 20 µm, thickness t = 0.6 µm and material properties E = 179 GPa, ν = 0.28 and ρ = 2330 kg m−3.
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the triangular beam sensitivities, this transition occurs around
βn ≈ 100, much less than for the uniform beam. Thus, the
overall sensitivity of the triangular cantilever is greater than or
equal to that of the uniform beam for βn < 100, but the flexural
sensitivity of the triangular beam is less than the uniform for
βn > 100.

The torsional modal sensitivity for this same triangular
cantilever is shown in figure 7 for the first five modes. The
results are very different from those for the uniform cross
section shown in figure 4. It should be noted that the range
of lateral stiffness differs between figures 4 and 7. The
sensitivities for the triangular cantilever are much closer to
each other for all values of lateral stiffness. However, they
decrease more quickly than in figure 4 for increasing stiffness.
The most interesting result seen in figure 7 is the ordering of the
sensitivities, which is nonintuitive. The first mode is the most

sensitive for low βl as might be expected. However, the second
mode is the least sensitive of the first five modes. The shape of
the cantilever can impact the modal sensitivity considerably.

6. Discussion

The flexural and torsional vibrations of AFM cantilevers have
been discussed in this paper. In particular, the sensitivities of
the modes to changes in surface stiffness have been examined.
For cantilevers with uniform cross sections, exact expressions
for the sensitivities were derived. As expected, the results
showed that the first mode is the most sensitive for materials
that are compliant relative to the cantilever. It was also shown
that higher-order vibration modes may be more sensitive than
the first if the surface stiffness is high enough.
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An approximate form for the sensitivities was also derived
based on the method of Rayleigh–Ritz. Results were presented
which validated the exact expressions. In addition, modal
sensitivity results were presented for a triangular cantilever
as an example of a cantilever with nonuniform cross section.
The flexural sensitivities were more closely spaced than those
for the uniform cantilever. The sensitivity of the higher modes
was also seen to begin decreasing for a lower value of surface
stiffness than for the uniform cross section cantilever. The
approximate form of sensitivity is also important for design of
new cantilevers. Using the approximate formulae, predictions
of modal sensitivity may be made such that cantilevers with
optimum sensitivity are created for specified uses.

In addition, the expressions for the sensitivities, both
exact and approximate, are simple enough that they
lend themselves to on-line computations. The frequency
and sensitivity expressions discussed in this paper have
been developed into on-line computational tools (http://em-
jaturner.unl.edu/calcs.htm). The user enters AFM cantilever
data into an html form. The data are then used to calculate
the modal frequencies and sensitivities as a function of normal
or lateral surface stiffness. The results are posted graphically
or in table format. The table data may be copied by the user
into a spreadsheet or other data analysis program. The authors
anticipate that such tools will be of great value to the general
AFM community.
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