
Modeling the Development of Elastic Anisotropy as a
Result of Plastic Flow for Glassy Polycarbonate

A. Goel, K. Strabala, M. Negahban, J.A. Turner
Department of Engineering Mechanics, University of Nebraska-Lincoln, Lincoln, Nebraska 68588-0526

The development of anisotropy as a result of plastic
deformation below the glass-transition temperature is
investigated and modeled for amorphous polycarbon-
ate. Initially, isotropic polycarbonate was subjected to
different extents of plastic flow in compression, and
the development of its anisotropic wave speed moduli
were studied using ultrasonic wave speed measure-
ments. Longitudinal and shear wave speed measure-
ments were performed both in the axial and transverse
directions, with respect to the axis of compression.
The moduli clearly indicated the development of a
transversely elastic response as a result of the uniaxial
compression. The measured moduli were used to
model the elastic response of polycarbonate using a
model for stress that depends both on the elastic and
plastic parts of the deformation. POLYM. ENG. SCI.,
49:1951–1959, 2009. ª 2009 Society of Plastics Engineers

INTRODUCTION

It is well known that the elastic response of many iso-

tropic solid polymers becomes anisotropic as a result of

plastic strain [1–8]. This is clearly seen in Fig. 1, which

shows the axial and transverse wave moduli as a function

of plastic strain in tension for poly vinyl chloride (PVC),

poly(methyl methacrylate) (PMMA), polystyrene (PS),

and bisphenol A polycarbonate (PC). As indicated in the

figure, for each polymer the axial and transverse wave

moduli are initially identical indicating the response is

isotropic, and then gradually become different as the

polymer is subjected to different extents of plastic defor-

mation. Typically, as shown in the figure, for uniaxial

tension the axial modulus increases and the transverse

modulus decreases with the increase of plastic strain. The

extent of this difference depends on the polymer. For the

polymers shown in Fig. 1, clearly PC is the most sensitive

to plastic strain, developing very large differences in the

moduli along the two directions, even at relatively small

plastic strains. Also, it should be noted that this difference

is on the order of the plastic strain (i.e., �60% difference

in modulus for �60% plastic strain in tension).

Even though a large difference can develop between the

axial and transverse moduli as a result of plastic flow, as

shown in Fig. 1, this fact is frequently ignored and not

reflected in the models that are developed. Many models

that are used to characterize the behavior of glassy poly-

mers for large deformations are based on a modeling struc-

ture similar to that of plasticity. Examples of such models

are the models described in [9–23], which describe the

stress as a function of only the elastic deformation. Without

a parameter to characterize the anisotropy that develops as

a result of plastic flow, these models preserve the initial

symmetry (in most cases isotropy) of the elastic response.

This is true even after plastic flow. To remedy this, in the

modeling of stress one needs to introduce a structure

parameter, such as the extent of plastic deformation, in

addition to the extent of elastic deformation.

In the current work, ultrasonic wave speed measure-

ments are used to characterize the change in the elastic

moduli of PC after compression to different extents of

plastic strain. These are then used to make a model for

the elastic response of PC, using a model for stress that

depends on both the elastic and plastic deformation

gradients. The resulting model is a finite deformation

model that at the limit of zero elastic strain reproduces

the correct anisotropic elastic moduli measured by the

ultrasonic method.

EXPERIMENTAL MEASUREMENTS

All tests were performed on Lexan 9034. Samples

were cut from 1.27 cm thick sheets and tested without

any thermal conditioning.

The compression and shear wave moduli were calcu-

lated using the standard wave equations

E ¼ rn2l ; (1)

G ¼ rn2s ; (2)

where E is the longitudinal (compression/tension) wave

modulus, G is the shear wave modulus, r is the density,
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nl is the wave speed for longitudinal waves, and ns is the

wave speed for shear waves. The density was measured

through a standard method based on weighing the samples

in air and water. The compression and shear wave speeds

were evaluated by using a standard pulse-echo method for

waves produced using ultrasonic transducers in the 1–5

MHz range [24]. Figure 2 shows a schematic of the wave

speed measurement method, which is based on dividing

the distance traveled by the travel time. The method is

based on using the same ultrasonic transducer to both pro-

duce and measure the wave profile. Once the signal is

recorded using an oscilloscope, the time between two

consecutive echoes is measured, noting that the imped-

ance mismatch between the PC and the transducer results

in each echo being out of phase from the previous echo,

and the distance traveled is calculated to be twice the

thickness of the sample. Figure 2 shows a typical digi-

tized signal, where one can see the initial pulse and its

echoes. Note that the flat peaks on the initial pulse are

due to saturation of the oscilloscope signal and not an

actual flat peak in the signal. The initial pulse is not used,

only the echoes are used since the interaction between the

transducer and the surface creates an initially complex

signal. For the system to work, the surfaces need to be

parallel, flat, and polished. The accuracy of this method is

normally in the percent range, depending on the thickness,

the character of the surfaces, the signals, and the density

measurement. The resulting errors were obtained by linear

error analysis using the uncertainty in density, thickness,

and time of flight. These errors compared well with those

from a different study in which samples of known materi-

als were evaluated ultrasonically to study the effect of

surface quality and thickness.

The experiments were performed on samples from a

series of initially compressed PC cylinders. The PC cylin-

ders were plastically strained to �10%, 20%, 30%, and

40% at a strain rate of 0.01 1/s, and then left unloaded

for at least 1 day before further testing. The recovery at

this temperature after 1 day is minimal, and a study of

the samples after 1 day showed no noticeable changes

either in the permanent strain or wave measurements. The

samples were then ultrasonically tested in the axial direc-

tion to calculate the associated longitudinal and shear

wave speeds. From these wave speeds, the axial longitudi-

nal wave modulus Ea and axial shear wave modulus Ga

were calculated. The samples were then cut as shown in

Fig. 3, and were ultrasonically tested to find the trans-

verse longitudinal wave modulus Et and transverse shear

wave modulus Gt. The summary of the testing procedure

is shown in Fig. 4. As shown in the figure, the axial shear

wave modulus Ga was measured twice, once during axial

wave speed measurements and again during transverse

wave speed measurements (indicated as G0
a). The two

measurements were identical indicating the sample was

truly transversely isotropic.

Figures 5 and 6 show, respectively, the longitudinal

and shear wave moduli that were measured. As can be

seen in Fig. 5, the axial and transverse wave moduli are

the same at zero plastic strain, indicating that the sample

was initially isotropic. The difference between the axial

and transverse moduli increases with increase in plastic

strain, which indicates that the material develops more

pronounced anisotropy with the increase of plastic strain.

For the range of plastic strains considered, the axial

wave modulus Ea decreases and the transverse wave

modulus Et increases with increase in the compressive

plastic strain. The difference in these moduli is signifi-

cant compared to the error in the measurement, as

shown in the figure. Figure 6 shows the shear wave

moduli along the different directions. As can be seen in

the figure, the shear wave moduli Ga and G0
a are the

same but different from Gt. The transverse shear wave

modulus increases as the plastic strain in compression

increases, while the axial shear wave modulus seems to

remain constant.

FIG. 1. Axial and transverse moduli reported as a function of the

extent of plastic deformation in tension for PVC, PMMA, PS, and PC

(from Ward [1]). As plastic strain increases, the axial longitudinal

modulus Ea increases while the transverse longitudinal modulus Et

decreases.

FIG. 2. Description of the pulse-echo method.
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MODELING CONSIDERATIONS

In developing a model to characterize the observed

changes in the elastic moduli, we will consider an expres-

sion for the Cauchy stress T that is a function of the elas-

tic and plastic deformation gradients. This is done since

traditionally used expressions [9–23], that only depend on

the elastic deformation, do not allow modeling of a

change in material symmetry in the elastic response. Spe-

cifically, we will construct a model based on a specific

free energy w given by a function of the elastic deforma-

tion gradient Fe, the plastic deformation gradient Fp, and

temperature y. That is, we select a model of the form

c ¼ cþðFe;Fp; yÞ; (3)

where the superscript ‘‘þ’’ indicates the function used to

model the variable, and we assume that the deformation

gradient F is decomposed through the multiplicative

decomposition F ¼ FeFpFy, where Fy denotes the thermal

deformation gradient. Imposing invariance to rigid body

motions allows one to write the model for free energy as

c ¼ cþðUe;Fp; yÞ; (4)

where Ue is the right symmetric factor in the polar

decomposition of Fe. It also follows that the plastic defor-

mation gradient in this equation can be shown to be indif-

ferent to rigid body motions [25] if it is assumed that it

can be calculated from the history of the deformation gra-

dient. The initial symmetry of the material is character-

ized by a group of transformations G containing members

M that reorganize the reference configuration [26, 27].

Each member M in G is a transformation of the reference

configuration that leaves the reorganized neighborhood of

the material point thermodynamically indistinguishable

from the original neighborhood. That is, transformation of

F to FM, and the associated transformations of Fe to

FeM and Fp to M–1FpM, leave the value of free energy

unchanged. For an orthogonal transformation M, this

requires that

c ¼ cþðUe;Fp; yÞ ¼ cþðMTUeM;MTFpM; yÞ: (5)

For an initially isotropic material, with the reference

configuration selected appropriately such that all the sym-

metry transformations are orthogonal [26], the constraint

given by (5) must be satisfied for all orthogonal transfor-

mations. Since the decomposition of Fp into its symmetric

FIG. 4. Summary of testing: (a) original PC cylinder, (b) compressed PC cylinder, (c) ultrasonic testing in

the axial direction, and (d) sample cut and ultrasonically tested in transverse direction.

FIG. 3. Plastically compressed PC sample after cutting for transverse wave speed measurements.
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and skew symmetric parts is unique, one can use results

given for the scalar isotropic invariants of two symmetric

tensors ½Ue and Fp

sym ¼ 1
2
ðFp þ FpTÞ� and one skew sym-

metric tensor ½FP

skew ¼ 1
2
ðFp � FpTÞ�, as given by Spencer

[28] and, more recently in reduced form, by Zheng [29]

(also see [25]). Therefore, in general, one can construct a

model for the specific free energy w in terms of the 21

isotropic invariants of Ue, Fp
sym, and Fp

skew. Even though

plausible, the number of invariants is too large to realisti-

cally be used in modeling the response, so we assume that

the contribution of the plastic deformation gradient to the

free energy is through the right Cauchy stretch tensor Cp

¼ FpTFp. This might be considered consistent with the

assumption that the plastic deformation contributes to the

free energy of a point through the strains it represents,

not through its rigid body motion. We also use Ce ¼
UeUe ¼ Ue2 in place of Ue, due to the convenience in the

calculation of the former relative to the latter, and the fact

that there is a one-to-one relation between them. As given

by Spencer [28], there are 10 isotropic scalar invariants of

Ce and Cp. These are given by

I1 ¼ trðCeÞ; I2 ¼ trðCe2Þ; I3 ¼ trðCe3Þ; I4 ¼ trðCpÞ;
I5 ¼ trðCp2Þ; I6 ¼ trðCp3Þ; I7 ¼ trðCeCpÞ; I8 ¼ trðCe2CpÞ;
I9 ¼ trðCeCp2Þ; and I10 ¼ trðCe2Cp2Þ: ð6Þ

Since the response of materials to volumetric deforma-

tions is normally vastly different from the response in

shear, we construct a new, yet equivalent, set of invariants

given by

I�1 ¼
I1

Je
2
3

; I�2 ¼
I2
I21
; I�3 ¼ Je¼detðFeÞ; I�4 ¼

I4

Jp
2
3

; I�5 ¼
I5
I24
;

I�6 ¼ Jp¼detðFpÞ; I�7 ¼ I7� I1� I4þ3; I�8 ¼ I8� I2� I4þ3;

I�9 ¼ I9� I1� I5þ3; and I�10¼ I10� I2� I5þ3; ð7Þ

where the effect of volume changes are removed from I1,
I2, I4, I5, and explicitly expressed in the form of the vol-

ume ratio in I*3 and I*6.
Thus, we have an expression for specific free energy

given by

c ¼ cþðI�1 ; :::; I�10; yÞ: (8)

As has been shown in Negahban [25], as a result of

the second law of thermodynamics, the Cauchy stress T
can be expressed as

TT ¼ r@FeðcÞFeT; (9)

where r is the current density. Considering the form of

the specific free energy given in (8), the Cauchy stress

can be expressed as

TT ¼ r
X10
i¼1

@c
@I�i

@FeðI�i ÞFeT; (10)

where from [30] we note that

@FeðI�1Þ ¼
2

Je2=3

�
Fe � I1

3
Fe�T

�
; @FeðI�2Þ

¼ 4

I22
Fe

�
Ce � I2

I1
I

�
; @FeðI�3Þ ¼ JeFe�T;

@FeðI�4Þ¼@FeðI�5Þ¼@FeðI�6Þ ¼ 0;@FeðI�7Þ¼2FeðCp�IÞ;
@FeðI�8Þ¼2FeðCeCpþCpCe�2CeÞ;
@FeðI�9Þ¼2FeðCp2�IÞ;
@FeðI�10Þ¼2FeðCeCp2þCp2Ce�2CeÞ: ð11Þ

Substituting (11) into (10) results in an expression for

the Cauchy stress as

FIG. 5. Plot of axial and transverse longitudinal wave moduli measured

at different plastic strains.

FIG. 6. Plot of axial and transverse shear wave moduli measured at

different plastic strains.
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T¼ r
2

Je2=3
@c
@I�1

�
Be� I1

3
I

�
þ 4

I21

@c
@I�2

Be

�
Be� I2

I1
I

�
þJe

@c
@I�3

I

�

þ2
@c
@I�7

FeðCp� IÞFeTþ2
@c
@I�8

FeðCeCpþCpCe�2CeÞFeT

þ2
@c
@I�9

FeðCp2�IÞFeT

þ2
@c
@I�10

FeðCeCp2þCp2Ce�2CeÞFeT

�
: ð12Þ

The stress should be zero for zero elastic strain, irre-

spective of the value of the plastic deformation gradient.

Therefore, we should have T ¼ 0 for Fe ¼ Re, where

Recan be any orthogonal tensor, and for all Fp. This can

be satisfied by setting

@c
@I�3

¼ 0;

@c
@I�7

þ 2
@c
@I�8

¼ 0;

@c
@I�9

þ 2
@c
@I�10

¼ 0;

(13)

for Fe ¼ Re. One method to satisfy these conditions is to

simply assume the last two conditions are always true

(even when the elastic strain is not zero) and to take func-

tions for the free energy that have a derivative, with respect

to the third invariant, that is zero for Fe ¼ Re. Under such

a condition the expression for stress is given by

T¼r
2

Je2=3
@c
@I�1

�
Be� I1

3
I

�
þ 4

I21

@c
@I�2

Be

�
Be� I2

I1
I

�
þ Je

@c
@I�3

I

�

þ@c
@I�7

Fe½2ðCe� IÞ�ðCeCpþCpCe�2CeÞ�FeT

þ@c
@I�9

Fe½2ðCp2� IÞ�ðCeCp2þCp2Ce�2CeÞ�FeT

�
:

(14)

Even with these simplifications, five material func-

tions, @w
@I�

1

; @w@I�
2

; @w@I�
3

; @w@I�
7

, and @w
@I�

9

, need to be evaluated at

each loading point. Since we only have four elastic moduli

per plastic strain, the fitting of all five would be impossible

with the current experimental results. In addition, when

confining the response to uniaxial compression, it can be

shown that the expressions to fit the material functions

result in a linear system with a singular coefficient matrix

(see the Appendix), so only three conditions can be satis-

fied. As a result, we chose to set the derivative of the free

energy with respect to I*2 and I*9 equal to zero, and to fit the

three remaining derivatives to the four moduli using a least

square fit. For the remainder of this article, we will focus

on the model for stress given by

T ¼ ro
@c
@I�1

2

JJe2=3

�
Be � I1

3
I

�
þ ro

@c
@I�3

Je

J
I

þ ro
@c
@I�7

1

J
Fe½2ðCp � IÞ � ðCeCp þ CpCe � 2CeÞ�FeT:

(15)

FITTING THE MODEL TO THE RESULTS FROM
COMPRESSION

To fit the experimental data, we need to evaluate the

wave moduli from the model, and to impose on the model

the conditions of plastic flow during compression. Once

this is done, we can use the experimental data to find the

values of the three derivatives of the specific free energy

given in Eq. 15.
We take ei to denote an orthonormal base with e3

along the direction of compression. During uniaxial com-

pression, the plastic deformation gradient is of the form

Fp ¼ lp
�
e1 � e1 þ lp

�
e2 � e2 þ lpe3 � e3; (16)

where lp is the plastic stretch in the axial direction (e3)
and lp* is the plastic stretch in the transverse direction.

These are taken to be the measured stretches of the sam-

ple after plastic deformation.

FIG. 7. Change of the isotropic bulk modulus with plastic deformation

and associated fit by the model.

FIG. 8. Change of the isotropic shear modulus with plastic flow and

the associated fit by the model.
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The components of the elastic deformation gradient

and the stress in the base ei are taken, respectively, as Fe
ij

and Tij so that

Fe ¼ Fe
ijei � ej; (17)

T ¼ Tijei � ej: (18)

The wave moduli considered in the experiments can be

evaluated from these components through the relations

Ea ¼ @T33
@Fe

33

����
Fe¼I

; Et ¼ @T11
@Fe

11

����
Fe¼I

; Ga ¼ G0
a

¼ @T13
@Fe

13

����
Fe¼I

; Gt ¼ @T12
@Fe

12

����
Fe¼I

: (19)

These moduli were evaluated for the model and fit to the

four measured moduli through a least squares fit. The result

of this fit is shown in Figs. 7–9. The parameters j and G in

the figures, which, respectively, become associated with the

isotropic bulk modulus and shear modulus, are defined in

terms of the derivatives of the specific free energy as

G ¼ 2qo @w=@I�1 and kð1� JeÞ ¼ qo @w=@I�3. These

curves were fit to the obtained variables using the functions

k ¼ 4670þ 200� ðI�4 � 3Þ MPa; (20)

G ¼ 1072� 159� ðI�4 � 3Þ MPa; (21)

r0
@c
@I�7

¼ �283� 150� e�
ðI�
4
�3Þ

0:125 þ 433� e�
ðI�
4
�3Þ

0:004 MPa: (22)

In constructing these models we have assumed that these

are only a function of the plastic deformation gradient.

As shown in Figs. 10 and 11, which show the compari-

son of the experimental results for the wave moduli and

those obtained from this fit, the fit accurately reproduces

the observed wave moduli, with better results for the lon-

gitudinal waves as opposed to the shear waves.

In Figs. 12 and 13, we compare the model predictions

with the results provided by Ward for PC after uniaxial

tension [1], also shown in Fig. 1. As can be seen, the

model trends follow those reported by Ward, but the mag-

nitudes are different. This might be attributed to the fact

that the current results were for wave moduli measured

FIG. 9. Change of qo@w=@I
�
7 as a function of I*423 and the associated

fit by the model.

FIG. 10. Comparison of model results and experimentally measured

wave moduli Ea and Et shown for the given plastic strains.

FIG. 11. Comparison of model results and experimentally measured

wave moduli Ga and Gt shown for the given plastic strains.

FIG. 12. Comparison between model predictions and results presented

by Ward [1] for longitudinal modulus after extension.
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using a 1 MHz transducer as opposed to the results

reported by Ward that were measured using frequencies

in the range of 100–400 Hz.

SUMMARY AND CONCLUSION

This article focuses on measuring and modeling the

anisotropic elastic response observed in PC after plastic

deformation. Uniaxial compression was used to prepare

samples with different extents of plastic deformation, up

to �40% compression (a logarithmic strain of approxi-

mately 20.5). Ultrasonic wave speed measurements were

used to obtain the longitudinal and shear wave moduli

both along the axis of compression and perpendicular to

this axis. The transverse wave moduli, both longitudinal

and shear, increased with plastic compression, while in

the axial direction the longitudinal wave modulus

decreased and the shear wave modulus stayed constant.

The extent of the difference in the wave moduli between

axial and transverse directions for PC is substantial, indicat-

ing that ignoring this could result in substantial error in the

predictions of the resulting models. These differences were

in the same order as the imposed plastic strains (i.e., �20%

difference in moduli for 40% plastic compressive strain).

To capture the observed development of the anisotropic

elastic moduli, a model for the free energy based on the elas-

tic and plastic deformation gradients was constructed. Since

the PC used was initially isotropic, representations for this

model were provided for an initially isotropic material. This

model was then simplified and fit to the experimental data.

The resulting fits were in good agreement with the experi-

mentally observed moduli, and predicted similar trends to

experimental results reported in tension by Ward [1].

APPENDIX

Calculation of Stress and Its Rate

In this Appendix, it will be shown that the resulting

model produces four independent material constants at

each plastic strain for a condition of zero elastic strain,

but that only, at most, three can be calculated in a uniax-

ial test. This will be done by deriving the expression for

the tangent modulus at a state of zero load and then will

show that the system for uniaxial compression results in a

system for the four values that has a coefficient matrix

for the constants that is singular. The result is general and

can be studied for other testing conditions to see how

many of the constants can be evaluated.

The expression for Cauchy stress given in Eq. 14 can

also be written as

T¼r
2

Je2=3
@c
@I�1

�
Be�I1

3
I

�
þ 4

I21

@c
@I�2

Fe

�
Ce�I2

I1
I

�
FeT

�

þJe
@c
@I�3

Iþ@c
@I�7

Fe½2ðCe�IÞ�CpðCe�IÞ�ðCe�IÞCp�FeT

þ@c
@I�9

Fe½2ðCe�IÞ�Cp2ðCe�IÞ�ðCe�IÞCp2�FeT

�
:

(A1)

It should be noted that the terms in the curly brackets

‘‘{}’’ add to zero at zero elastic deformation (i.e., Fe ¼
I). This is also true for all the terms in the round brackets

‘‘()’’. Taking the derivative of T and evaluating it at Fe ¼
I, assuming plastic deformation gradients are constant,

and after eliminating terms that are multiplied by @w
@I�

3

,

‘‘{},’’ and ‘‘()’’ we find

_T
���
Fe¼I

¼ r 2
@c
@I�1

� _
Be � I1

3
I

�
þ 4

9

@c
@I�2

� _
Ce � I2

I1
I

�
þ

_@c
@I�3

I

(

þ @c
@I�7

½2 _Ce � Cp _Ce � _CeCp�

þ @c
@I�9

½2 _Ce � Cp2 _Ce � _CeCp2�
�

Fe¼I

: ðA2Þ

We first note that

� _
Be � I1

3
I

������
Fe¼I

¼
� _
Ce � I2

I1
I

������
Fe¼I

¼ _Fe þ FeT � 2

3
ðI : FeÞI: (A3)

This allows us to write the stress rate as

_T
���
Fe¼I

¼r 2

 
@c
@I�1

þ 2

9

@c
@I�2

!�
_Fe þ _FeT � 2

3
ðI : _FeÞI

�
þ @c
@I�3

I

(

þ @c
@I�7

½2 _Ce �Cp _Ce � _CeCp�

þ @c
@I�9

½2 _Ce �Cp2 _Ce � _CeCp2�
�

Fe¼I

: ðA4Þ

This shows that the derivative of the free energy with

respect to the invariants I*1 and I*2 always appear in the

same combination. Therefore, measurements that use

stress rate at Fe ¼ I can only be used to evaluate the

FIG. 13. Comparison between model predictions and results presented

by Ward [1] for shear modulus after extension.
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given combination of these derivatives. Next, let us con-

sider the term

@c
@I�3

����
Fe¼I

¼ @2c
@I�i @I

�
3

_I�i

����
Fe¼I

¼ @

@I�3

�
@c
@I�3

�
I: _Fe

�

þ2

�
@

@I�7

�
@c
@I�3

�
þ2

@

@I�8

�
@c
@I�8

��
ðCp�IÞ: _Fe

þ2

�
@

@I�9

�
@c
@I�3

�
þ2

@

@I�10

�
@c
@I�3

��
ðCp2�IÞ: _Fe

�
Fe¼I

:

ðA5Þ
We now note that if we change the order of the deriva-

tives in the square brackets ‘‘[ ],’’ both become zero as a

result of the general conditions imposed on the relation

between the derivatives of the free energy. We, thus, con-

clude that the expression for the stress rate evaluated at

zero elastic deformation is given by

_T
��
Fe¼I

¼r 2

�
@c
@I�1

þ 2

9

@c
@I�2

�
½ _Fe þ _FeT � 2

3
ðI : FeÞI�

�

þ @

@I�3

�
@c
@I�3

�
ðI : _FeÞIþ @c

@I�7
½2 _Ce � Cp _Ce � _CeCp�

þ @c
@I�9

½2 _Ce � Cp2 _Ce � _CeCp2�
�

Fe¼I

;

(A6)

where we note that

_CejFe¼I ¼ _Fe þ _F
eT
: (A7)

In component form this can be written as

_Tij¼r 2

�
@c
@I�1

þ2

9

@c
@I�2

��
_Fe
ijþ _F

e

ji�
2

3
_F
e

kkdij

�
þ @

@I�3

�
@c
@I�3

�
_F
e

kkdij

�

þ@c
@I�7

½2ð _Fe
ijþ _Fe

ijÞ�Cp
ikð _Fe

kjþ _Fe
jkÞ�ð _Fe

ikþ _F
e

kiÞCp
kj�

þ@c
@I�9

½2ð _Fe

ijþ _F
e

jiÞ�Cp2
ik ð _F

e

kjþ _F
e

jkÞ�ð _Fe

ikþ _F
e

kiÞCp2
kj �
�

Fe¼I

:

(A8)

From this we can calculate the tangent modulus at zero

elastic strain as

Eijmn ¼ r 2

�
@c
@I�1

þ 2

9

@c
@I�2

�
½dimdjn þ djmdin � 2

3
dmndij�

�

þ @

@I�3

�
@c
@I�3

�
dmndij þ @c

@I�7
½2ðdimdjn þ djmdinÞ

� Cp
ikðdkmdjn þ djmdknÞ � ðdimdkn þ dkmdinÞCp

kj�

þ @c
@I�9

½2ðdimdjn þ djmdinÞ � Cp2
ik ðdkmdjn þ djmdknÞ

� ðdimdkn þ dkmdinÞCp2
kj �
o
Fe¼I

Eijmn ¼ r 2

�
@c
@I�1

þ 2

9

@c
@I�2

��
dimdjn þ djmdin � 2

3
dmndij

��

þ @

@I�3

�
@c
@I�3

�
dmndij þ @c

@I�7
½2ðdimdjn þ djmdinÞ

�ðCp
imdjn þ Cp

indjm þ dimC
p
nj þ dinC

p
mjÞ�

þ @c
@I�9

½2ðdimdjn þ djmdinÞ

�ðCp2
imdjn þ Cp2

in djm þ dimC
p2
nj þ dinC

p2
mjÞ�
o
Fe¼I

:

(A9)

Reorganizing this yields

Eijmn ¼ r 2

�
@c
@I�1

þ 2

9

@c
@I�2

þ @c
@I�7

þ @c
@I�9

�
ðdimdjn þ djmdinÞ

�

þ
�

@

@I�3

�
@c
@I�3

�
� 4

3

�
@c
@I�1

þ 2

9

@c
@I�2

��
dmndij

� @c
@I�7

ðCp
imdjn þ Cp

indjm þ dimC
p
nj þ dinC

p
mjÞ

� @c
@I�9

ðCp2
imdjn þ Cp2

in djm þ dimC
p2
nj þ dinC

p2
mjÞ
�

Fe¼I

:

(A10)

Denoting by

A ¼ 2r
�
@c
@I�1

þ 2

9

@c
@I�2

þ @c
@I�7

þ @c
@I�9

�
Fe¼I

;

B ¼ r
�

@

@I�3

�
@c
@I�3

�
� 4

3

�
@c
@I�1

þ 2

9

@c
@I�2

��
Fe¼I

;

C ¼ �r
@c
@I�7

jFe¼I;

D ¼ �r
@c
@I�9

jFe¼I;

(A11)

we note that

Eijmn ¼ Aðdimdjn þ djmdinÞ þ Bdmndij þ CðCp
imdjn

þ Cp
indjm þ dimC

p
nj þ dinC

p
mjÞ

þ DðCp2
imdjn þ Cp2

in djm þ dimC
p2
nj þ dinC

p2
mjÞ: ðA12Þ

It is noted that the equation for stress can be written as

T ¼ 2Aee þ BtrðeeÞIþ 2CðCpee þ eeCpÞ
þ 2DðCp2ee þ eeCp2Þ; (A13)

for ee being the elastic infinitesimal strain tensor given in

terms of the elastic displacement gradient He ¼ Fe – I by

ee ¼ 1

2
ðHe þHeTÞ: (A14)
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The four moduli that we have measured are

Ea ¼ E3333 ¼ 2Aþ Bþ 4Cp
33Cþ 4Cp2

33D;

Et ¼ E1111 ¼ 2Aþ Bþ 4Cp
11Cþ 4Cp2

11D;

Ga ¼ E1313 ¼ Aþ ðCp
11 þ Cp

33ÞCþ ðCp2
11 þ Cp2

33ÞD;
Gt ¼ E1212 ¼ Aþ ðCp

11 þ Cp
22ÞCþ ðCp2

11 þ Cp2
22ÞD:

(A15)

This can be written in a matrix equation for the four

unknowns as

2 1 4Cp
33 4Cp2

33

2 1 4Cp
11 4Cp2

11

1 0 Cp
11 þ Cp

33 Cp2
11 þ Cp2

33

1 0 Cp
11 þ Cp

22 Cp2
11 þ Cp2

22

2
6664

3
7775

A
B
C
D

8>><
>>:

9>>=
>>; ¼

Ea

Et

Ga

Gt

8>><
>>:

9>>=
>>;:

(A16)

For uniaxial compression we have C11
p ¼ C22

p and C11
p2

¼ C22
p2 so that we can write

2 1 4Cp
33 4Cp2

33

2 1 4Cp
11 4Cp2

11

1 0 Cp
11 þ Cp

33 Cp2
11 þ Cp2

33

1 0 2Cp
11 2Cp2

11

2
6664

3
7775

A
B
C
D

8>><
>>:

9>>=
>>; ¼

Ea

Et

Ga

Gt

8>><
>>:

9>>=
>>;:

(A17)

By examination, it can be seen that the coefficient ma-

trix for this system is singular. Therefore, the solution to

the unknowns A, B, C, and D cannot be obtained from

this expression for experiments in uniaxial compression.
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